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1 Introduction 

b, . . . 

^ Geometric invariant theory (GIT) was developed in the 1960s by Mumford in order to construct quotients of 

reductive group actions on algebraic varieties and hence to construct and study a number of moduli spaces, 
including, for example, moduli spaces of bundles over a nonsingular projective curve |MFKl[NellNe2] . Moduli 
spaces often arise naturally as quotients of varieties by algebraic group actions, but the groups involved are 
not always reductive. For example, in the case of moduli spaces of hypersurfaces (or, more generally, complete 
intersections) in toric varieties (or, more generally, spherical varieties), the group actions which arise naturally 
are actions of the automorphism groups of the varieties |Co|, ICKj . These automorphism groups are not in 
^ ■ general reductive, and when they are not reductive we cannot use classical GIT to construct (projective 

I completions of) such moduli spaces as quotients for these actions. 

In [DK] (following earlier work including |Fa[|Fa2[|GP[IGP2llWij and references therein) a study was made 
. of ways in which GIT might be generalised to non-reductive group actions; some more recent developments 

and applications can be found in [API IAD2] . Since every affine algebraic group H has a unipotent radical 
U < H such that H/U is reductive, |DKj concentrates on unipotent actions. It is shown that when a 
' unipotent group U acts linearly (with respect to an ample line bundle C) on a complex projective variety 

. X, then X has invariant open subsets X'^ C X'"*, consisting of the 'stable' and 'semistable' points for 

the action, such that AT* has a geometric quotient X'^ jU and X'^^ has a canonical 'enveloping quotient' 
X^^ X//U which restricts to X'^ — > X'^ /U where X^ /U is an open subset of X//U. (When it is necessary 
to distinguish between stability and semistability for different group actions on X we shall denote X* and 
^ . X^" by X'^'^ and X^^'^ .) However, in contrast to the reductive case, the natural morphism X^" — > X//U is 

not necessarily surjective; indeed its image is not necessarily a subvariety of X//U, so we do not in general 
obtain a categorical quotient of X'"'. Moreover X//U is in general only quasi-projective, not projective, 
though when the ring of invariants Ol{XY' = ®k>a -^°(^' i^^kyj finitely generated as a C-algebra then 
X//U is the projective variety Y'ro]{0 l{X)^ ) . 

In order to construct a projective completion of the enveloping quotient X//U when the ring of invariants 
Ol^X)^ is not finitely generated, and to understand its geometry, it is convenient to transfer the problem of 
constructing a quotient for the {/-action to the construction of a quotient for an action of a reductive group 
G which contains [/ as a subgroup, by finding a 'reductive envelope'. This is a projective completion 



GxuX 

of the quasi-projective variety GxjjX (that is, the quotient of G x X by the free action of U acting diagonally 
on the left on X and by right multiplication on G) , with a linear G-action on G Xjj X which restricts to 
the induced G-action onG Xu X, such that 'sufficiently many' [/-invariants on X extend to G- invariants on 
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G Xjj X. If (as is always possible) we choose the linearisation on G Xjj X to be ample (or more generally to 
be 'fine'), then the classical GIT quotient 

GxuX//G 

is a (not necessarily canonical) projective completion X//U of X//U, and hence also of its open subset X" /U 
if X^ ^ 0, and we have 

X" C X" C X"" C X""" 

where X'^ (respectively X**) denotes the open subset of X consisting of points of X which are stable 
(respectively semistable) for the G-action ox\ G Xjj X under the inclusion 

X-^Gxu X ^G xuX. 

In principle, at least, we can apply the methods of classical GIT to study the geometry of this projective 
completion X//U in terms of the geometry of the G-action on G Xjj X; for example, techniques from sym- 
plectic geometry can be used to study the topology of GIT quotients of complex projective varieties by 
complex reductive group actions [Ml 1311 IJKKWl [K3 Kia [Ki3 Kl] . 

Given a linear TJ-action on X where H is an affine algebraic group with unipotent radical U, if an ample 
reductive envelope G Xu X is chosen in a sufficiently canonical way that the GIT quotient G Xu X//G = 
X//U inherits an induced linear action of the reductive group R = H/U , then 

(xJ/u)//R 

is a projective completion of the geometric quotient 

X'^" /H = {X'^" /U)/R 

where X"'^ is the inverse image in X^'^ of the open set of points in X^'^ /U C X//U C X//U which are 
stable for the action of i? = H/U . Moreover we can study the geometry of {X//U)//R in terms of that of 
X//U using classical GIT and symplectic geometry. 

The aim of this paper is to discuss, for suitable actions on projective varieties X of a non-reductive affine 
algebraic group H with unipotent radical J7, how to choose a reductive group G > U and reductive envelopes 
G Xu X. In particular we will study the family of examples given by moduli spaces of hypersurfaces in the 
weighted projective plane P(l, 1, 2), obtained as quotients by hnear actions of the automorphism group H 
of P(l, 1, 2) (cf. [Fa3| ) . This automorphism group is a semidirect product H = R x U where R = GL{2; C) 
is reductive and U = (C"*")^ is the unipotent radical of H, acting on P(l, 1, 2) as 

[x : y : z] 1-^ [x : y : z + Xx^ + ijxy + vy"^] 

for e C. 

For simplicity we will work over C throughout. The layout of the paper is as follows. §2 gives a very brief 
review of classical GIT for reductive group actions, while §3 describes the results of |DK| on non-reductive 
actions and the construction of reductive envelopes. §4 discusses the choice of reductive envelopes for actions 
of unipotent groups of the form (C"'')'". Finally §5 considers the case of the automorphism group of P(l, 1, 2) 
acting on spaces of hypersurfaces. 

This paper is based heavily on joint work with Brent Doran [DKl IDK2j . I would like to thank him for 
many helpful discussions, and also Keith Hannabuss for pointing me to some very useful references. 

2 Mumford's geometric invariant theory 

In the preface to the first edition of [MFK| . Mumford states that his goal is "to construct moduli schemes 
for various types of algebraic objects" and that this problem "appears to be, in essence, a special and highly 
non-trivial case" of the problem of constructing orbit spaces for algebraic group actions. More precisely, 
when a family X of objects with parameter space S has the local universal property (that is, any other 
family is locally equivalent to the puUback of X along a morphism to S) for a given moduli problem, and a 
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group acts on S such that objects parametrised by points in S are equivalent if and only if the points lie in 
the same orbit, then the construction of a coarse moduli space is equivalent to the construction of an orbit 
space for the action (cf. [Ne, Proposition 2.13]). Here, as in |Ne| . by an orbit space we mean a G-invariant 
morphism (j) : S M such that every other G-invariant morphism ip : S ^ M factors uniquely through (p 
and 4)^^{m) is a single G-orbit for each ra € M . 

Of course such orbit spaces do not in general exist, in particular because of the jump phenomenon: there 
may be orbits contained in the closures of other orbits, which means that the set of all orbits cannot be 
endowed naturally with the structure of a variety. This is the situation with which Mumford's geometric 
invariant theory [MFK| attempts to deal, when the group acting is reductive, telling us (in suitable circum- 
stances) both how to throw out certain (unstable) orbits in order to be able to construct an orbit space, and 
how to construct a projective completion of this orbit space. Mumford's GIT is reviewed briefly next; for 
more details see |Ne2] in these proceedings, or |Do[ IMFKl INei [PV] . 

Example 2.1. Let G = 5'L(2;C) act on (pi)^ in the standard way. Then 

{{xi,X2,Xz,Xi) e (P^)"* : Xi =X2 ^ X3^ X4} 

is a single orbit which is contained in the closure of every other orbit. On the other hand, the open subset of 
(pi)"* where xi,X2,X3,X4 are distinct has an orbit space which, using the cross-ratio, can be identified with 
Pi - {0,1,00}. 

2.1 Classical geometric invariant theory 

Let X be a complex projective variety and let G be a complex reductive group acting on X. To apply 
geometric invariant theory we require a linearisation of the action; that is, a line bundle L on X and a lift 
of the action of G to L. Usually L is assumed to be ample, and then we lose little generality in supposing 
that for some projective embedding X C P" the action of G on X extends to an action on P" given by a 
representation 

p:G^ GL{n+l), 

and taking for L the hyperplane line bundle on P". We have an induced action of G on the homogeneous 
coordinate ring 

Ol(X)=^H^{X,L^'') 

k>0 

of X . The subring Ol{X)'^ consisting of the elements of Ol{X) left invariant by G is a finitely generated 
graded complex algebra because G is reductive [MFK| . and so we can define the GIT quotient X//G to be 
the variety Proi{OL{X)'^). The inclusion of Ol{X)'^ in Ol{X) defines a rational map q from X to X//G, 
but because there may be points of X C P" where every G-invariant polynomial vanishes this map will 
not in general be well-defined everywhere on X. The set X^'^ of semistable points in X is the set of those 
X € X for which there exists some / G Ol{X)'~^ not vanishing at x. Then the rational map q restricts to 
a surjective G-invariant morphism from the open subset X"'' of X to the quotient variety X//G. However 
q : X^" — > X//G is still not in general an orbit space: when x and y are semistable points of X we have 
q{x) = q{y) if and only if the closures Og{x) and Ociy) of the G-orbits of x and y meet in X^'^ . 

A stable point of X ('properly stable' in the terminology of [MFKj ) is a point x of X"'' with a neigh- 
bourhood in X'"' such that every G-orbit meeting this neighbourhood is closed in X^", and is of maximal 
dimension equal to the dimension of G. If U is any G-invariant open subset of the set X"^ of stable points 
of X, then q{U) is an open subset of X//G and the restriction q\ij : U ^ liU) of g to C/ is an orbit space 
for the action of G on U, so we will write U/G for q{U). In particular there is an orbit space X^/G for the 
action of G on X*, and X//G is a projective completion of this orbit space. 
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X^/G C X//G = X""/ 
open 



X", X^*, and X//G are unaltered if the line bundle L is replaced by i®*^ for any fc > with the induced 
action of G, so it is convenient to allow fractional linearisations. 

Recall that a categorical quotient of a variety X under an action of G is a G-invariant morphism 
<j) : X ^ Y from X to a variety Y such that any other G-invariant morphism (j> : X Y factors as cf) = x° 4' 
for a unique morphism x ■ Y ^ Y |Ne[ Chapter 2, §4]. An orbit space for the action is a categorical 
quotient (j) : X Y such that each fibre (j)~^{y) is a single G-orbit, and a geometric quotient is an orbit 
space (j) : X Y which is an affine morphism such that 

(i) if U is an open afSne subset of Y then 

r : 0{U) ^ 0{r\U)) 

induces an isomorphism of 0{U) onto 0{(j)~^{U))^ , and 

(ii) if Wi and W2 are disjoint closed G-invariant subvarieties of X then their images 0(Wi) and (/'(W2) 
in Y are disjoint closed subvarieties of Y. 

If U is any G-invariant open subset of the set X'' = X^{L) of stable points of X, then q{U) is an open subset 
of X//G and the restriction q\ij : U q{U) of g to [/ is a geometric quotient for the action of G on U. In 
particular X^/G = q{X'') is a geometric quotient for the action of G on X^, while q : X^'^ — > X//G is a 
categorical quotient of under the action of G. 

The subsets and of X are characterised by the following properties (see Chapter 2 of [MFKj or 

Proposition 2.2. (Hilbert-Mumford criteria) (i) A point x ^ X is semistable (respectively stable) for the 
action of G on X if and only if for every g € G the point gx is semistable (respectively stable) for the action 
of a fixed maximal torus of G. 

(ii) A point x € X with homogeneous coordinates [xo ■ ■ ■ ■ '■ Xn] in some coordinate system on P" is semistable 
(respectively stable) for the action of a maximal torus of G acting diagonally on P" with weights ao, ■ ■ ■ , ctn 
if and only if the convex hull 

Convjai : Xi ^ 0} 
contains (respectively contains in its interior). 

In [MFKj the definitions of X'^ and X'^" are extended as follows to allow L to be not ample and X not 
projective. However it is not necessarily the case that U'"' = U D or that If = U D X'' when f/ is a 
G-invariant open subset of X. 

Definition 2.3. Let X be a quasi-projective complex variety with an action of a complex reductive group 
G and linearisation L on X. Then y ^ X is semistable for this linear action if there exists some m > and 

/ G H'^ {X , L®™-)'^ not vanishing at y such that the open subset 

Xf -{x^X I f{x)^0} 
is affine, and y is stable if also the action of G on X/ is closed with all stabilisers finite. 

When X is projective and L is ample and / G H^{X,L®"^)'^ \ {0} for some to > 0, then Xf is affine 
when / is nonconstant, so this is equivalent to the previous definition. 
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Remark 2.4. The reason for introducing the requirement that Xf must be afHne in Definition 12.31 above 
is to ensure that has a categorical quotient X'^'^ XjjG^ which restricts to a geometric quotient 
X^ X^ jG (see |MFK| Theorem 1.10); the quotient X//G is quasi-projective, but need not be projective 
even when X is projective, if L is not ample. However when X is projective we can define 'naively stable' 
and 'naively scmistable' points by omitting the condition that Xf should be affine. More precisely, let 
/ — Um>o H^i-^^ j^^rn^^G g^-^^ jr^^. J ^ J Xf bc thc G-invariant open subset of X where / does not vanish. 
Then a point x E X in naively semistable if there exists some f (z I which does not vanish at x, so that the 
set of naively scmistable points is 

j^nss =\JXf, 
f&I 

whereas X*" — U/g/" -^f where 

e / I Xf is affine }. 

The set of naively stable points of X is 

y Xf 

f^lns 

where 

jns _ g J I ^j^g action of G on Xf is closed with all stabilisers finite} 
while X^ = U/G/= -^f where 

= {/ e J'"* I the action of G on Xf is closed with all stabilisers finite}. 

If 

Ol{X) = ^H"{X,L^'') 

k>0 

is finitely generated as a complex algebra, then so is its ring of invariants Ol(X)'~^ because G is reductive, 
and then 

Xj/G = Proi{d L{Xf) 

is a projective completion of X//G and the categorical quotient X'^^ ^//G is the restriction of a natural 
G-invariant morphism 

which by analogy with Definition 3.3 below we will call an enveloping quotient of X"***. 
Throughout the remainder of §2 we will assume that X is projective and L is ample. 

2.2 Partial desingularisations of quotients 

When X is nonsingular then X^/G has only orbifold singularities, but if X^'' ^ X'^ the GIT quotient X//G 
is likely to have more serious singularities. However if X^ ^ there is a canonical procedure (see |Ki2p for 
constructing a partial resolution of singularities X//G of the quotient X//G. This involves blowing X up 
along a sequence of nonsingular G-invariant subvarieties, all contained in thc complement of the set of 
stable points oi X, to obtain eventually a nonsingular projective variety X with a linear G-action, lifting 
the action on X, for which every semistable point of X is stable. The blow-down map it : X ^ X induces 
a birational morphism ttc ■ X//G X//G which is an isomorphism over the dense open subset X'^/G of 
X//G, and if X is nonsingular the quotient X//G has only orbifold singularities. 

This construction works as follows [Ki2| . Let V be any nonsingular G-invariant closed subvariety of X 
and let TT : X — > X be the blowup of X along V. The linear action of G on the ample line bundle L over X 
lifts to a linear action on the line bundle over X which is the puUback of L^'^ tensored with 0{—E), where E 
is the exceptional divisor and fc is a fixed positive integer. When k is large the line bundle tt*L^'^ ® 0{—E) 
is ample on X, and this linear action satisfies the following properties: 

(i) if y is semistable in X then ^{y) is semistable in X; 
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(ii) if 7r(y) is stable in X then y is stable in X; 

(iii) if k is large enough then the sets X" and of stable and semistable points of X with respect to 
this linearisation are independent of k (cf . |Rei| ) . 

Now X has semistable points which are not stable if and only if there exists a nontrivial connected reductive 
subgroup of G which fixes some semistable point. If so, let r > be the maximal dimension of the reductive 
subgroups of G fixing semistable points of X, and let TZ{r) be a set of representatives of conjugacy classes 
in G of all connected reductive subgroups R of dimension r such that 

Z'^ = {x eX'" : R fixes x} 

is nonempty. Then 

U GZ^R 
Ren{r) 

is a disjoint union of nonsingular closed subvarieties of X'"', and 

where is the normaliser of R in G. 

By Hironaka's theorem we can resolve the singularities of the closure of Ui?GK(r) performing 
a sequence of blow-ups along nonsingular G- invariant closed subvarieties of X — X'^'^. We then blow up along 
the proper transform of the closure of Ui?,G7Z(r) ^'^ S^^ ^ nonsingular projective variety Xi. The linear 

action of G on X lifts to an action on this blow-up Xi which can be linearised using suitable ample line 
bundles as above, and it is shown in [Ki2j that the set Xf of semistable points of Xi with respect to any of 
these suitable linearisations of the lifted action is the complement in the inverse image of X^^ of the proper 
transform of the subset 

rM^I U 

V \Ren{r) 

of X'"*, where (j> : X'^'^ — > X//G is the canonical map. Moreover no point of Xf' is fixed by a reductive 
subgroup of G of dimension at least r, and a point in Xf* is fixed by a reductive subgroup i? of G of 
dimension less than r if and only if it belongs to the proper transform of the subvariety Zf^ of X'"*. 

The same procedure can now be applied to Xi to obtain X2 such that no reductive subgroup of G of 
dimension at least r — 1 fixes a point of J^l**. After repeating enough times we obtain X satisfying X**** = X**. 
If we are only interested in X^" and the partial resolution X//G oi X//G, rather than in X itself, then there 
is no need in this procedure to resolve the singularities of the closure of UflG7?.(r) ^^r ™ -^^ Instead we can 
simply blow X"'* up along UfleK(r) ^^r (or equivalently along each GZff in turn) and let Xf' be the set 
of semistable points in the result, and then repeat the process. 

Thus the geometric quotient X^ /G has two natural compactifications X//G and X//G = XjjG^ which 
fit into a diagram 




XVG XjjG X"VG ^ = ^ST" X 

Hi i i 

X^jG ^ X//G ^ X"'' ^ X. 



2.3 Variation of GIT 

The GIT quotient XjjG depends not just on the action of G on X but also on the choice of linearisation C 
of the action; that is, the choice of the line bundle L and the lift of the action to L. This should of course be 
reflected in the notation; to avoid ambiguity we will sometimes add appropriate decorations, as in Xjj qG 

and also X^'^ and X^"'^ . There is thus a natural question: how does the GIT quotient Xjj qG vary as 
the linearisation £ varies? This has been studied by Brion and Procesi BPJ and Goresky and MacPherson 
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[GM| (in the abehan case) and by Thaddeus [Th| . Dolgachev and Hu 'DH] and Ressayre [Res] for general 
reductive groups G. 

A very simple case is when the line bundle L is fixed, but the lift t : G x L ^ L oi the action of G on X 
to an action on L varies. The only possible such variation is to replace r with 

where % : G C* is a character of G. The Hilbert-Mumford criteria (Proposition 12 . 21 above) can be used to 
see how X'' and X'"' are affected by such a variation. 

Example 2.5. Consider the linear action of C* on X = P''+-', with respect to the hyperplanc line bundle L 
on X, where the linearisation is given by the representation 

i ^^diag(^^...,^^^,t-^...,^-l) 

of C* in GL{r + s + 1; C) in which occurs with multiplicity r and t^^ occurs s times. For this linearisation 
we have 

j^ss,C+ ^ X'''^+ ^ {[xo ■ ■ ■ ■ ■ Xr+s] e P''^'' : xq,. . . ,Xr are not aU and Xr+i, ■ ■ ■ , Xr+s are not all 0} 

and X// £^ C* is isomorphic to the product of a weighted projective space P(3, . . . , 3, 1) of dimension r and the 
projective space P*~^. The same action of C* on X has other linearisations with respect to the hyperplane 
line bundle; let Co and £_ denote the linearisations given by multiplying the representation above by the 
characters x{t) = and x{t) = Then £_ is given by the representation 

t^di(ig{t,...,t,t-\t-\...,t-^) 

of C* in GL{r + s + 1; C) and for this linearisation 

-^ss,C- _ X^'^^ — {[xo : . . . : Xr+s] G P''+* : xq, . . . , Xr-i are not all and Xr, . . . , Xr+s are not all 0} 

while X// jT C* is isomorphic to the product of the projective space P''~i and a weighted projective space 
P(l, 3, . . . , 3) of dimension s. Finally for the linearisation Cq given by the representation 

t^di&g{t\...,t^,i,r^,...,r^) 

of C* in GL{r + s + 1; C) we have 

(semistability does not imply stability) and the quotient X//£^C* has more serious singularities than the 
orbifolds X// ^JC* . It can be identified with the result of collapsing [0 : . . . : : 1] x P^"^ to a point in 
P(3, . . . , 3, 1) X P'*-!, and also with the result of collapsing P'-^ x [1 : : . . . : 0] to a point in P'-i x 
P(l,3,...,3). 

Remark 2.6. The general case when the line bundle L is allowed to vary, as well as the lift of the G-action 
from X to the line bundle, can be reduced to the case above by a trick due to Thaddeus [Th| . Suppose that 
a given action of G on X lifts to ample line bundles Lq, . . . , Lm giving linearisations Cq, . . . , Cm over X, and 
consider the projective variety 

y = P(io©■•■®im)• 
Then the induced action of G on y has a natural linearisation, and the complex torus T = ([y^+'^ also acts on 
y, commuting with the action of G, with a natural linearisation which can be modified using any character 
X of T. Taking x to be the jth projection Xj ■ T ^ C* and using the fact that the GIT quotient operations 
with respect to G and T commute, we find that 

X//cG={Y//G)//^^T 

and hence the general question of variation of GIT quotients with linearisations reduces to the special case 
when the variation is by multiplication by a character of the group. The conclusion [DH[ IResl ITh] is that, 
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roughly speaking, the space of all possible ample fractional linearisations of a given G-action on a projective 
variety X is divided into finitely many polyhedral chambers within which the GIT quotient is constant. 
Moreover, when a wall between two chambers is crossed, the quotient undergoes a transformation which 
typically can be thought of as a blow-up followed by a blow-down. If C+ and represent fractional 
linearisations in the interiors of two adjoining chambers, and Cq represents a fractional linearisation in the 
interior of the wall between them, then we have inclusions 

j^s,C<, c nX""^- and [JX-'"'^- C X"""'^" 

inducing morphisms 

X//C,G^X//^G 

which are isomorphisms over X'^'^° /G. In addition, under mild conditions there are sheaves of ideals on the 
two quotients Xjj f^JJ whose blow-ups are both isomorphic to a component of the fibred product of the two 
quotients over the quotient Xjj £_JJ, on the wall. 

Remark 2.7. If : X ^ F is a categorical quotient for a G-action on a variety X then its restriction to 
a G-invariant open subset of X is not necessarily a categorical quotient for the action of G on U . In the 
situation above, as in Example 12.51 we have X^^' + C X^^' ° but the restriction of the categorical quotient 
j^ssXo _^ X/l to X^-'^'^+ is not a categorical quotient for the G action on X^-'^^^^ . 

3 Quotients by non-reductive actions 

Translation actions appear all over geometry, so it is not surprising that there are many cases of moduli 
problems which involve non-reductive group actions, where Mumford's GIT does not apply. One example 
is that of hypersurfaces in a toric variety Y . The case we shall consider in detail in this paper is when Y is 
the weighted projective plane P(l,l,2) (cf. |Fa3| ). with homogeneous coordinates x,y,z (that is, Y is the 
quotient of \ {0} by the action of C* with weights 1,1 and 2, and x, y and z are coordinates on C'^ \ {0}). 
Let H be the automorphism group oiY — P(l, 1, 2), which is the quotient by C* of a semidirect product of 
the unipotent group U — (C"'")'^ acting on Y via 

[x : y : z] 1-^ [x : y : z + \x^ + ^xy + vy"^] for (A, /x, v) G (C^)'^ 

and the reductive group GL(2;C) x GL(1;C) acting on the {x^y) coordinates and the z coordinate. H acts 
linearly on the projective space Xd of weighted degree d polynomials in x, y, z. 

Example 3.1. When d = 4, a basis for the weighted degree d polynomials is 

r4S 22 .S 42 2 2~i 

{x ,x y,x y ,xy ,y ,x z,xyz,y z,z |, 
and with respect to this basis, the ?7-action is given by 
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The tautological family Ti} ' parametrised by Xd of hypersurfaces in Y has the following two properties: 

(i) the hypersurfaces Ti!^f^ and Ti,^^^ parametrised by weighted degree d polynomials s and t are isomorphic 
as hypersurfaces in Y if and only if s and t lie in the same orbit of the natural action of H ^ U x GL{2; C) 
on Xd, and 
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(ii) (local universal property) any family of hypersurfaees in Y is locally equivalent to the puUback of 
H^'^'' along a morphism to Xd- 

This means that the construction of a (coarse) moduli space of weighted degree d hypersurfaees in Y is 
equivalent to constructing an orbit space for the action of H on ([Ne] Proposition 2.13). 

Now let H be any afhne algebraic group, with unipotent radical U, acting linearly on a complex projective 
variety X with respect to an ample line bundle L. Of course the most immediate difficulty when trying to 
generalise Mumford's GIT to a non-reductive situation is that the ring of invariants 

C)^(X)^ = 0iJ"(X,i®'=^)^ 

fc>0 

is not necessarily finitely generated as a graded complex algebra, so that Pioi{OL{X)^) is not well-defined 
as a projective variety. However Proj(C'L(X)^) does make sense as a scheme, and the inclusion of Ol{X)^ 
in Ol{X) gives us a rational map of schemes q from X to Vro]{0 l{X)^ ) , whose image is a constructible 
subset of Proj(C'L(X)^) (that is, a finite union of locally closed subschemes). 

The action on X of the unipotent radical U of if is studied in [DK| (building on earlier work such as 
[Fal IFa21 IGP[ IGP21 IWi| ). where the following definitions are made and results proved. 

Definition 3.2. Let / = {j,^^QH^{X,L®"^)^ and for f e I let Xf be the t/-invariant affine open subset 
of X where / does not vanish, with 0{Xf) its coordinate ring. A point x € X is naively semistable if the 
rational map q from X to Proi{OL{X)^) is well-defined at x; that is, if there exists some / £ / which does 
not vanish at x. The set of naively semistable points is X"** = [J^^j Xf. The finitely generated semistable 
set of X is 

X^'^Jg ^ \J Xf 

where 

^ {f e I \ 0{Xff is finitely generated }. 
The set of naively stable points of X is 

U 

where 

= e / I 0{Xff is finitely generated, and 
q : Xf — > Spec{0{X f)^) is a geometric quotient}. 
The set of locally trivial stable points is 

x"^= y Xf 

f^jlts 

where 

= if el \ 0{Xf)^ is finitely generated, and 
q : Xf — > Spec(C'(X/)'^) is a locally trivial geometric quotient}. 

Definition 3.3. Let q : X^^'^^ —* Vro]{0 lIXY') be the natural morphism of schemes. The enveloped 
quotient oi X^^'^ ^ is q : X^^'f^ q^X^'^'f^), where q{X^^'f^) is a dense constructible subset of the enveloping 
quotient 

X//U= y Spec(0(X/)^) 

of X^^'f^. Note that q{X''^'^^) is not necessarily a subvariety of X//U , as is demonstrated by the example 
studied in |DKj §6 of C/ — C+ acting on X = P" via the nth symmetric product of its standard representation 
on when n is even. 
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Proposition 3.4. f [DKj 4.2.9 and 4.2.10). The enveloping quotient X//U is a quasi-projective variety with 
an ample line bundle Lh — > X//U which pulls back to a positive tensor power of L under the natural map 
q : X'^'^^s X//U. IfOLiX)^ is finitely generated then X//U is the projective variety Proj(dL(^)'^)- 

Now suppose that G is a complex reductive group with U as a closed subgroup. Let G Xjj X denote the 
quotient of GxX by the free action of U defined by u{g^ x) = {gu~^ , ux) for u G U, which is a quasi-projective 
variety by [PVj Theorem 4.19. There is an induced G-action on G Xjj X given by left multiplication of G 
on itself. If the action oi U on X extends to an action of G there is an isomorphism of G-varieties 

GxuX ^ [G/U) X X 

given by 

[9,x\^ {gU,gx). (2) 

When U acts linearly on X with respect to a very ample line bundle L inducing an embedding of X 
in P", and G is a subgroup of SL{n + 1;C), then we get a very ample G-linearisation (which by abuse of 
notation we will also denote by L) on G Xu X as follows: 

Gxc/X-^Gxc/P" = [G/U) X P", 

by taking the trivial bundle on the quasi- afhne variety G /U . If we choose a G-equivariant embedding of 
G/U in an afhne space A™ with a linear G-action we get a G-equivariant embedding oi G Xjj X \n 

A™ X P" C P™ X P" C p"™+™+"' 
and the G- invariants on G Xjj X are given by 

H^{G xuX,L^"'f = ^ OLiXf. (3) 

m>0 m>a 

Definition 3.5. The sets of Mumford stable points and Mumford semistahle points in X are X"^^ — 
i~^{{G Xu Xy) and X™*^ — i^^{{G xu xy-'^) where i : X ^ G xu X \s the inclusion given by a; i-^ [e-^x] 
for e the identity element of G. Here [G Xjj Xy and {G Xjj Xy^ are defined as in Definition 12.31 for the 
induced linear action of G on the quasi-projective variety G Xjj X. 



In fact it follows from Theorem 13.101 below that X™" and X™"" are equal and are independent of the 
choice of G. 

Definition 3.6. A finite separating set of invariants for the linear action of C/ on X is a collection of 
invariant sections {/i, . . . , /„} of positive tensor powers of L such that, if x, y are any two points of X then 
f{x) = f{y) for all invariant sections / of L®*^ and all A: > if and only if 

fi{x)^ft{y) Vi = l,...,n. 

If G is any reductive group containing U, a finite separating set S of invariant sections of positive tensor 
powers of L is a finite fully separating set of invariants for the linear ?7-action on X if 

(i) for every x E X"^^ there exists f G S with associated G-invariant F over G Xjj X (under the 
isomorphism ((3])) such that x € {G Xjj X)p and {G Xjj X)f is affine; and 

(ii) for every x G X'^^'^^ there exists / G S" such that x e Xf and S" is a generating set for 0{Xf )^ . 

This definition is in fact independent of the choice of G (see [DK| Remark 5.2.3). 

Definition 3.7. Let X be a quasi-projective variety with a linear ?7-action with respect to an ample line 
bundle L on X, and let G be a complex reductive group containing J7 as a closed subgroup. A G-equivariant 
projective completion G Xjj X oi G Xjj X, together with a G-linearisation with respect to a line bundle 
L which restricts to the given {/-linearisation on A", is a reductive envelope of the linear [/-action on X if 
every [/-invariant / in some finite fully separating set of invariants S for the [/-action on X extends to a 
G-invariant section of a tensor power of L over G Xjj X. 
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If moreover there exists such an S for which every f G S extends to a G-invariant section F over G Xjj X 
such that (G Xu X)f is affinc, then (G Xjj X, L') is a fine reductive envelope, and if L is ample (in which 
case {G Xjj X)f is always affinc) it is an ample reductive envelope. 

If every f € S extends to a G-invariant F over G Xu X which vanishes on each codimension 1 component 
of the boundary oi G Xjj X 'm G Xjj X , then a reductive envelope for the linear [/-action on X is called a 
strong reductive envelope. 

It will be useful to add an extra definition which does not appear in [DK] , 

Definition 3.8. In the notation of Definitions 13.61 and 13 . 71 above, a reductive envelope is called stably fine if 
for every x £ X™" there exists a U -invariant / which extends to a G-invariant section F over G xjj X such 
that x e {G Xu X)f and both (G Xjj X)f and (G Xu X)f are affine. 

Definition 3.9. Let X be a projective variety with a linear [/-action and a reductive envelope G Xjj X. 
The set of completely stable points of X with respect to the reductive envelope is 

X^^{joi)-\GxuX') 

and the set of completely semistable points is 

X^^ijot)-\GxuX''), 

where i : X ^ G Xjj X and j : G Xjj X ^ G X/j X are the inclusions, and G Xjj x'^ and G Xjj x'^^ are the 
stable and semistable sets for the linear G-action on G Xjj X. Following Remark 12.41 we also define 

then X"^" = X'*^ when the reductive envelope is ample, but not in general otherwise. 

Theorem 3.10. ([DK] 5.3.1 and 5.3.5). Let X be a normal projective variety with a linear U-action, for U 
a connected unipotent group, and let (G Xjj X, L) be any fine reductive envelope. Then 

The stable sets X^, X'** = j^ms _ j^mss j^ns Q^fj^^n quasi-projective geometric quotients, given by 
restrictions of the quotient map q = tt o j o i where 

TT : (G xuXy G xijXIIG 

is the classical GIT quotient map for the reductive envelope and i,j are as in Definition \3.9l The quotient 
map q restricted to the open subvariety X'^^'^^ is an enveloped quotient with q : X^'^'^^ ^//U an enveloping 
quotient. Moreover X//U is an open subvariety of G XijXjjG and there is an ample line bundle Ljj on 
X//U which pulls back to a tensor power L®^ of the line bundle L for some k > and extends to an ample 
line bundle on G Xjj X//G. 

If furthermore G Xjj X is normal and provides a fine strong reductive envelope for the linear U-action 
on X, then X^ = X'*^ and X^'^fa = X"''^ 

Definition 3.11. ( |DKj 5.3.7). Let X be a projective variety equipped with a linear [/-action. A point 
X G X is called stable for the linear [/-action if x G X'*" and semistable if a; e X^^'^^ , so from now on we 
will write X" (or X"'^) for X"" and X"" (or X"'''^) for X'"''f9. 

Thus in the situation of Theorem 13. 101 we have a diagram of quasi-projective varieties 

X'^/U C X'^/U C X"V[/ C X//U C G Xu X//G 

where all the inclusions are open and all the vertical morphisms are restrictions of vr : (G Xj/X)"* — > 
G Xu X//G, and each except the last is a restriction of the map of schemes q : X""'* Vro]{0 l{X)^)) 
associated to the inclusion OuiXY' ^ Ol{X). In particular we have 
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I I (4) 

X^/U C X//U 

which looks very similar to the situation for reductive actions (see diagram ([T]) above), with the major 
differences that 

(i) X//U is not always projective, 

and (even if the ring of invariants Ol{X)'^ is finitely generated and XjjU — Vyo\{<D ) is projective) 

(ii) the morphism X"^ ^//U is not in general surjective. 

Remark 3.12. The proofs of [DK| Theorem 5.3.1 and Theorem 5.3.5 show that if X is a normal projective 
variety with a linear JJ-action and (G xjj X,L) is any stably fine reductive envelope in the sense of Definition 
inn then 

X' CX' C X"" C X'" 

and if furthermore G Xu X is normal and provides a reductive envelope which is both strong and stably 
fine, then X^ = X^. Indeed, this is still true even if (G Xjj X, L) is not a reductive envelope at all, provided 
that it satisfies all the conditions except for omitting (ii) in Definition 13.61 

There always exists an ample, and hence fine, but not necessarily strong, reductive envelope for any 
linear {/-action on a projective variety X, at least if we replace the line bundle L with a suitable positive 
tensor power of itself, by [DK| Proposition 5.2.8. By Theorem 13. 101 above a choice of fine reductive envelope 
G Xu X provides a projective completion 

YJJU = G xuX//G 

of the enveloping quotient X//U . This projective completion in general depends on the choice of reductive 
envelope, but when Ol{X)^ is finitely generated then X//U — Proj(C'L(-'^)'^) is itself projective, which 
implies that XjjU = G X\j X jjG for any fine reductive envelope G Xjj X. 

The proof of |DKj Theorem 5.3.1 also gives us the following result for any reductive envelope, not 
necessarily fine or strong. 

Proposition 3.13. LeA X be a normal projective variety with a linear U -action, for U a connected unipotent 
group, and let (G Xjj X,L) be any reductive envelope. Then 

X^ CX' C X"' c x"^, 

and if the graded algebra ®j,>q H^{G Xu X , L®^) is finitely generated then the projective completion 

GxuXjjG = Proj(0 H°iGxuX, L«'=)) 

fc>0 

of G Xu XjjG (cf. Remark \2.4\ l is a projective completion of XjjU with a commutative diagram 

X^ fZ X" C X""" c 
I I I i (5) 

X^jU C X'jU C XjjU C XjjU ^G Xjj XjjG. 

4 Choosing reductive envelopes 

Let H he a. connected affine algebraic group over C. Then H has a unipotent radical U , which is a normal 
subgroup of H with reductive quotient group R = HjU. We can hope to quotient first by the action of 
U , and then by the induced action of the reductive group HjU , provided that the unipotent quotient is 
sufficiently canonical to inherit an induced linear action of the reductive group R. Moreover U has canonical 
series of normal subgroups {1} = C/q < Ui < •■• < Us = U such that each successive subquotient is 



12 



isomorphic to (C+)'' for some r (for example the descending central series of U), so we can hope to quotient 
successively by unipotent groups of the form (C"'")'', and then finally by the reductive group R. Therefore 
we will concentrate on the case when U = (C+)'' for some r; of course this is the situation in our example 
concerning hypersurfaces in the weighted projective plane P(l, 1, 2), when H is the automorphism group of 
P(l, 1,2) and U is its unipotent radical. 

More generally, let us assume first that [/ is a unipotent group with a one-parameter group of automor- 
phisms A : C* Aut(C/) such that the weights of the induced C* action on the Lie algebra u of J7 are all 
nonzero. When U — we can take A to be the inclusion of the central C* in Aut([/) = GL{r; C). Then 

we can form the semidirect product 

U ^C* <kU 

given by C* X [/ with group multiplication 

(zi,Ui).(z2,M2) = (ziZ2, (A(^2"^)(ui))m2). 

U meets the centre of U trivially, so we have an inclusion 

U ^ Aut{U) GLiLicU) ^ GL{C © u) 

where U maps to its group of inner automorphisms. Thus U is isomorphic to a closed subgroup of the 
reductive group G = SL{C ® u). 

In particular when U = (C+)'' we have U < G = SL{r + 1; C), and then 

G/U 9^{ae (C)* (E) C'+^l a : ^ C'+^ is injective } 

with the natural G-action ga — g o a. Since the injective linear maps from C to C'^^ form an open subset 
in the afhne space (C)* (g) C''+^ whose complement has codimension two, it follows that U = (C+)'' is a 
Grosshans subgroup of G = SL(r + 1; C) and 

0{Gf ^ 0{G/U) ^ OiiCy (E) C'+i) 

is finitely generated [Grj . 

4.1 Actions of (C+)' which extend to SL{r + 1; C) 

Let X be a normal projective variety with a linear action oiU — (C^)'' with respect to an ample line bundle 
L. Suppose first that the linear action of U = (C"*')'' on X extends to a linear action of G = SL{r + 1; C), 
giving us an identification of G-spaces 

GxuX = {G/U) X X 
as at ([2]) via [(?,a;] i— > {gU,gx). Then (as in the Borel transfer theorem [Do|, Lemma 4.1]) 

OLiXf = OLiG xuXf^ [0{G/U) ® dL{X)f 
is finitely generated |Gr2j and we have a reductive envelope 

GxuX = p'-(''+i) X X, 
where P''('-+i) = P(C ((C)* ® C^+i)), with 

GxuX//G = X//U - FvoiiOLiXf). 
More precisely, if we choose for our linearisation on G x ^ X the line bundle 

i(^) = Op,.(-+i, (AT) L 

with > sufficiently large, then by [DK] Lemma 5.3.14 we obtain a reductive envelope which is strong as 
well as ample, and so by Theorem 13. 101 we have 

X" = X' and X'" = X'" . (6) 



13 



Remeirk 4.1. Even if X is nonsingular, this quotient 

X//f/ = (P''(''+^) X X)//G 

may have serious singularities if there are semistable points which are not stable. However provided that 
^ we can construct a partial desingularisation 

'xjfu'^^ = (prC^^iTi X)//G 

as in §2.2 by blowing P''('"+i) x X up successively along G-invariant closed subvarieties, all disjoint from 
^pr(r+i) X g^jj^ hence from X* = X^, to get a linear G-action on the resulting blow-up W^i^+i) ^ x for 
which all semistable points are stable. This construction is determined by the linear G-action, and if X is 
nonsingular the resulting quotient is an orbifold. Since X^ = X" and the morphism 

xJ/U^^^ = {F^i^^+^x X)//G (P'-^'^+i) X X)//G = X//U 

is an isomorphism over (P''(''+i) x Xy , it follows that X//U ^//U is an isomorphism over X^ /U , and 

hence we have two compactifications of the geometric quotient X^ /U: 

(G) 

X7C/ c xiiu 
II i 

X'jU C XjjU 

where X//U is an orbifold. 

U = (C+)'' is the unipotent radical of a parabolic subgroup 

P = U x GL{r;C) (7) 

in SL{r + 1; C) with Levi subgroup GL{r; C) embedded in SL{r + 1; C) as 

9 
detg-i 

We have 

G xu X = G xp {P xu X) 



where P/U = GL(r;C) and G/P = P'' is projective. If P Xjj X is a P-equivariant projective completion of 
P Xu X then G x p (P Xy X) is a projective completion of G Xy X . When the action of ?7 on X extends 
to a G-action as above, we can choose P xu X iohe the closure oi P Xu X m 

G XuX = G/U xX = P''(''+i) X X- 

that is, 



P XuX = F'' X X CG XuX 
where P""' = P(C © ((C)* C)). There is then a birational morphism 



Gxp{PxuX)^GxuX 

given by [g,y] i-^ gy which is an isomorphism over G Xu X. The resulting pullback L = U^^ to G Xp 
(P Xu X) of Opr(r+i) (A'') (g) L is isomorphic to the induced line bundle 

Gxp{Orr2{N)0L) 



on G X p {P Xu X), where the P-action on Opr2 (TV) (g) L is the restriction of the G-action on Opr(r+i) (A'') (gi L. 
If we regard G Xp {P Xu X) as a subvariety in the obvious way of 

Gxp (G XuX) = Gxp (P'-(''+i) X X) 
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^ (G/P) X P'-(''+i) -kX^V X P''('-+i) X X 

then the birational morphism 

G X p (P X[/X) ^ G xyX ^ P'^' X X 
given by [g, y\ i— > extends to the projection 

X p'-('-+i) X X -> P'-('-+i) X X 

and so L^^^ is the restriction to G Xp {P xu X) of OprCr+i) (iV) (g) P. Thus this Hne bundle L — L^^^ is not 
ample, but its tensor product = V'J^^ with the puUback via the morphism 

G xp (P xuX) G/P = P'', 

of the fractional line bundle Opr(e), where e G Q fl (0, oo), provides an ample fractional linearisation for the 
action of G on G Xp (P x^/ X) with, when e is sufficiently small, an induced surjective birational morphism 

Xj/U =dj Gxp{PxuX)//^G-^Gxu X//G = X//U (8) 
(cf . [Ki21 IRei] ) which is an isomorphism over 

{Gxu x')/G ^ xyu ^ xyu. 

Note that can be thought of as the bundle G Xp {Op^^ {N) (g) L) on G Xp (P Xjj X), where now the 
P-action on Op^^ {N) P is no longer the restriction of the G-action on OprCr+i) (N) L but has been twisted 
by e times the character of P which restricts to the determinant on GP(r; C). 

Remark 4.2. It follows from variation of GIT ResJ for the G-action on G Xp (P XyX) that X//U = 

X//U is independent of N and e, provided that N is sufficiently large and e > is sufficiently small, 
depending on N. 

Remark 4.3. When e > the projective completion G Xp (P Xj/X) equipped with the induced ample 
fractional linearisation on is not in general a reductive envelope for the {/-action on X, though it satisfies 
all the remaining conditions when (ii) is omitted from Definition 13.61 (cf. Remark I3.12|) . If we use the 
linearisation on Lq = L instead, then we do obtain a reductive envelope, but it is not ample; nonetheless the 
conditions of Proposition l3.13l are satisfied and we have 

G Xp (P1^77X)//^^G G xuX//G = X//U. 

Example 4.4. Let U = C'^ act linearly on a projective space P". Then we can choose coordinates so that 
1 G Lie(C"'") = C has Jordan normal form with blocks 

/ 1 ••■ \ 
1 ••■ 

••■ 1 
\ ••■ / 

of sizes fci-|-l, . . . , /cs-t-1 where + — n+1. Then the C+ action extends to an action of G = SL{2; C) 

via the identifications 

C+ = {( J 1 ) : a€C}<G 

and 

s 

where Sym'^(C^) is the kth symmetric power of the standard representation of G = SL(2; C). Moreover 

G/C+ = \ {0} c c p2 = g7c+ 
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and thus wc have 

P"//C+ = Proj(C[xo, . . .,xnf') = {¥' X P")//G 

with respect to the hnearisation C'p2(iV) (g) Opn(l) on x P" for N a sufficiently large positive integer. 
When G = SL{2;C) acts on P^ we have (p2)'*«.G ^ (^2 (^^^^ (pz^^^.G ^ ^^^^^ ^ jg ^^^^^^ ^^^^ 

(P2 X p")'^^^G c X P" = (G Xc+ P") U ({0} X P") 

and if semistability implies stability then 

rV/C+ = (P")"^^/C+ U ({0} X P")//5L(2;C). 
In this example the parabolic subgroup P of G = 5i(2;C) is its Borel subgroup 

B = {( ) : aeC*,6eC} 



with B/C+ = C* = Pi and 

B xc+ P" = P^ X P", 

while Gxb B/C+ = G x s PMs the blow-up of P^ at the origin £ C P^. Similarly Gxb {B Xc+ P") is 
the blow-up of G Xc+ P" = P^ x P" along {0} x P", and its quotient xJ/U is the blow-up of P"//C+ along 
its 'boundary' 

P"//5i(2;C) = ({0} X P")//S'L(2;C) C (P^ x P")//5i(2;C) = P"//C+. 

Let us continue to assume that U = (C+)'' acts linearly on X and that the action extends to G = 
SL{r + 1; C). Notice that there are surjections 



-SS,P,€ 



Pxu X ' ' X//U ^ X//U (9) 



where P Xjj X ' ' is the intersection of P Xu X with the G-semistable set in GxpPxi/X with respect 
to the linearisation L^, and j/i, 2/2 G P x^ x'''*' '"^ map to the same point in X//U if and only if the closures 

SS,P,€ 

of their P-orbits Pyi and Py2 meet in P xjj X ' ' . 

Consider the linear action of the Levi subgroup GL(r;C) < P on P Xjj X = F"^ x X. It follows from 
the Hilbert-Mumford criteria (Proposition 12.21 above) that 

-ss,GL{r-C),<i — —ss,SL{r;C) 



P xu X ' ' C P xu X ' ' ' " <Z P xu X ' ' ' ' (10) 



-ss,GL{r;C),e — —ss,SL{r;C) ,. 



where PxjyX ' ' ' andPxuX ' ' (independent of e) denote the Gi(7'; C) and 5'L(r; C)-semistable 
sets oi P Xjj X after twisting the linearisation by e times the character det of GL{r; C); this character is of 
course trivial on SL{r; C). 



It is not hard to check that if the action of GL{r; C) on P/U = is hnearised with respect to Op^^ (1) 
by twisting by the fractional character ^ det then 



-ss,GL{r;C),l/2 ; — s,GL{r;C),l/2 



P/U ' =P/U' = Gi:(r;C) C (C^)* (gC C PV (11) 

Thus, if instead of choosing e close to we choose e to be approximately N/2, where N is the sufficiently 
large positive integer chosen above, then we see from the Hilbert-Mumford criteria (Proposition 12. 2p that 

.^—^ss,GL(r;C),e ^ ^^,2 ^ ^ys,GLir;CU ^ GL{r;C) X X 

and so quotienting we get 

P XaX//.(«)GP(r;C) =X 
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A GIT quotient of a nonsingular complex projective variety y by a linear action of GL{r; C) can always 
be constructed by first quotienting by SL(r]C) and then quoticnting by the induced linear action of C* = 
GL{r;C)/SL{r;C): we have 

Y//GL{r:C) = {Y// SL{r;C)) // C*. 

Therefore if we set 

X^PxuX//^,^,SL{r;C) = (P''' x X)// ^,^,SL{r;C) (12) 

for N > sufficiently large, then X is a projective variety with a linear action of C* which we can twist by 
e times the standard character of C*, such that when e = N/2 we get 

X//N/2C* - X (13) 

while for e > sufficiently small it follows from ^ and pH)) that we have a surjection from an open subset 
of X//^C* onto X//U, and hence onto X//U. More precisely, the inclusion 

(6i^(G xp {PxuX))f - id^^iPxuX)f C (d^^(PxyX))'^^('-« 

induces a rational map 

X//,C* = P xu X//^GL{r;C) >GxpPxu X//^G ^ xjju (14) 

whose composition with the surjection 

-p3^..,GL(.;C),. ^ 

induced by the inclusion 

{di^(P xu X)f^^'-'^'^ C (d^^(P xu X)f^^'-'^'^ 

is the rational map 

.^^—^ss^GL{r;C),e ^ ^ PxuX//^G = xJ/U 

which restricts to a surjection 

PxuX""^^^" ^ X//U. 

Hence the restriction of X/f^C* — — ^ X//U to its domain of definition is surjective. 

Definition 4.5. Let {X // ^C*y^ denote the open subset of X//^C* which is the domain of definition of the 
rational map ([Till from X //^C* to X//U, where as above X is the projective variety 

X = [P xu X)//SL{r;C) 

with the induced linear C*-action, and < e « 1. Let [X // ^V.^Y be the open subset P Xjj X ' ' /G*L(r;C) 
7^7^^''''^^'^^'^^'7Gi(r; C) ^ (7^3^^''^'^''^^'^''75L(r; C))/C* 

= x^'yc* c x//,c*. 

Let X'''" = TT-\{X//,C*y') and X^'" = TT-^{{X//,C* f) where tt : X'"'' X//,C* is the quotient map, so 
that 

{x//,c*y ^ x'-yc*. 

Then we have 

Proposition 4.6. If e > is sufficiently small, the rational map from X//eC* to X//U induced by the 
inclusion of [O ^ {P Xjj X))^ in [O i [P Xj/ X))'^^'^'"'"'^ restricts to surjective morphisms 

{x//,c*Y' xJJu X//U 

and 

{x//eC*Y ^ xyu. 
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Remark 4.7. Using the theory of variation of GIT |DH1 IResi ITh| . as described in Remark 12.61 we can 
relate the quotient X // f€-* which appears in Proposition 14.61 above to A'//jv/2C* = X via a sequence of flips 
which occur as walls are crossed between the linearisations corresponding to e and to N/2. Thus we have a 
diagram 

C X//,C* i > X = X//n/2C* 

flips 



{x//eC*y 


c 


{X//,C*) 


I 




I 


X'/U 


c 


xjju 


II 




i 


XVf7 


c 


X//U 



where the vertical maps are all surjective, in contrast to and the inclusions are all open. 
Note also that by variation of GIT if < e « 1 there is a birational surjective morphism 

X//,C* X//oC*. 

When e = the inclusion 
induces a rational map 



X//oC* =Pxu X//^GLir; C) >GxpPxu XjjiG = X//C/ (15) 

whose composition with the surjective morphism 

is the composition of with the surjective morphism X//U — > X//U . Thus the restriction of the rational 
map from A/ZoC* to X//U to its domain of definition is surjective. 

Remark 4.8. Note that the GIT quotient r'' //SL{r; C) is isomorphic to P\ but we do not have (P''")'*'* = 
(P*" y for this action of SL{r; C). It is therefore convenient to replace the compactification P^ of GL{r; C) by 

its wonderful compactification P*"^ given by blowing up P'' ^ {[z : izij)^ j^i]} along the (proper transforms 
of the) subvarieties defined by 

z — and rank(2:ij) < £ 

for ^ = 0, 1, . . . , r and by 

rank(zy) < £ 



for ^ = 0, 1, . . . , r — 1 |Ka| . The action of SL{r; C) on P*" , linearised with respect to a small perturbation 
0^(1) of the puUback of Op^^ (1), satisfies 



Thus if we replace P XuX ^P'' x X with 

P'^^X = X X 
and define X//U = Gxp (fx^X)!! ^G and 

X = P^X//^,„,5i(r;C) - (P^^ X X)//^(„,5L(r;C) (16) 
for N » 0, then all the properties of X given above still hold for X, and in addition X fibres over P^ as 

A = (P^' X X)//^(„)S'L(r;C) = (IT''' x X)/S'L(r;C) 
_^ ]F''''/S'L(r;C) = Pi 

with fibres isomorphic to the quotient of X by the finite centre of SL{r] C). If X is nonsingular then it turns 

out that X and X //^C* (for < e « 1) and X//U are orbifolds, so that X//U is a projective completion of 
X^ /U which is a partial desingularisation of X//U (cf. Remark 4.1). 
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4.2 General (C+)'^ actions 

Of course the constructions described in §4.1 only work if the action of [/ = (C+)'' on X extends to an 
action of G = 5L(C ® u), which is a rather special situation when the ring of invariants (Dl{X)^ is always 
finitely generated. Moreover at least a priori these constructions may depend on the choice of this extension, 
although G Xu Xj/G — X//U = Proj(OL(X)^) depends only on the linearisation of the [/-action on X. 
So next we need to consider what happens if the linear tZ-action on X does not extend to a linear action 
of G. Suppose that we can associate to the linear [/-action on X a normal projective variety Y containing 
X, with an action of G = SL{C © u) and a G-linearisation on a line bundle Ly, which restricts to the 
given linearisation of the [/-action on X and is such that every [/-invariant in a finite fully separating set of 
[/-invariants on X extends to a [/-invariant on Y . Then we can embed X in the G- variety 

pr{r+l) ^ Y 

as {t} X X where l G (C)* ® C^+i C pK^'+i) jg the standard embedding of C in C'^+\ and the closure of 
GX = G Xu X in P'"(''+i) x Y will provide us with a reductive envelope G Xu X. Therefore we will next 
consider how, given any linearised [/-action on X, we can choose a G- variety Y with these properties. We 
will find that for any sufficiently divisible positive integer m we can choose such a variety Y^ in a canonical 
way, depending only on m and the linear action of [/ on X, giving us a reductive envelope G xjj X . 

Let S be any finite fully separating set of invariants (in the sense of Definition 13. 6p on X. By replacing 
the elements of S with suitable powers of themselves, we can assume that S C H'^{X, 2^®™)'^ for some m > 
for which L"^™ is very ample. Then X C P(H'^(X, L"^™)*) and every a € S extends to a [/-invariant section 
of 0(1) on P(7J°(X,L®™)*). 

Now consider the linear action of U on V„i = L**™)*, and let P be the parabolic subgroup of 

G — SL{r + 1; C) with unipotent radical [/, as at ([7]) above. Since P is a semi-direct product 

P^U X GL(r;C) 

we have 

P XuVrn^GL{r;C) xV^ 
with the P-action on GL{r; C) x Vm given for {h, v) G GL{r; C) x Vm by 

p.{h,v) = {gh, {h^^uh).v) 

where p = gu with g G GL(r; C) and u ^ U, and h~^uh acts on u G Vm via the given [/-action. Of course 
GL{r; C) x Vm is an affine variety with 

0(GL(r;C) x V^) ^ C[h^,, {deth)-\vk] 

where det h is the determinant of the r x r matrix {hij)^ j^-^ and (wfe) are coordinates on Vm- Let 

0y„ : C = Lie [/ ^ Ue{GL{Vm)) (17) 

be the infinitesimal action of U on Vm and let Uy^ be its image in Lie(Gi(V^m)). Since U is unipotent we 
have 

Vm 2 UvJVm) 2 iUvyiVm) 3 ' ' ' ^ ([/v„ (Kn) = 

where 

iUv^y{Vm)={uiU2---Uj{v) : Ui, . . . (E Uv^, V eVm} 

= {</'v„(Mi)0y„("2) • • •0y„(wi)(w) : ui, ■ . . ,Uj e hie U, v e Vm}- 
For < J < dim Vm — 1 let 6j,m be the complex vector space consisting of all polynomial functions 

e ■- (C)^' X ((C)* (g) C'')'^™^'"-! ^ C 

(ui, - - - ,Uj,hi, - - . , hdimv„,-i) d{ui, - - - ,Uj,hi, . - - , /idimv;„-i) 
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which are simultaneously homogeneous of degree 1 in the coordinates of each Ui S C separately, for 1 < i < j, 
and homogeneous of total degree r(dimV^ — 1) — (r — l)j in the coordinates of all the hk € (C)* (g) C 
together, for 1 < < dimT/^ — 1- Let 

dim Vm — 1 

Wm= ej,m^{UvJ'{Vm). (18) 
j=0 

Then we can embed Vm linearly into Wm via 

dim y^-i 

3=0 

where : (C'')^' x ((C)* » C'')^'^™^'"-^) ^ {Uv^yiVm) for < j < dimV;„ - 1 and w G sends 

{ui, . . . , Uj, hi, ... , /idimy„-i) to the product of 

det(/ii) det(/i2) • • • det(/idimy„-j-i) 

with 

(pV^ihdimV^-lUl) ■ ■ ■ (j)v^{hdi-mVm-j1J'j)iv). 

In particular M'^) ■ ((C'T C'')^'"'"^'"-^^) ^ = Vm sends (/ii, . . . , /idimy„-i) to 

(det(/ii)det(/i2)---det(/idimy„-i))w G Ki. 

This embedding of Vm into is i7-equivariant with respect to the linear i7-action on Wm for which the 
infinitesimal action of u G Lie f7 = C" is given by 

dimV^— 1 dim\^ — 1 

"(X] Oij)= Yl "-"i+i (20) 
i=o i=o 

with u ■ aj+i : {Cy x ((C)* ® C'')^™^-"! ^ (UvJHVm) defined to be for j = dimVm and for any 
< i < dim Vm defined by 

u ■ aj+i{ui, . . . ,Uj,hi, . . . , hdimv^-i) 

= aj+i{ui, . . . , Uj, adj(/idimV„-i-j)(M), /ii, . . . , /idimy„-i)- 

Here adj(/i) is the adjoint matrix of h (so that h adj(/i) = adj(/i) h is det(/i) times the identity matrix t), 
which is homogeneous of degree r — 1 in the coefficients of h. Moreover this linear action of U on Wm extends 
to a linear action of P = U x GL{r; C) on Wm where g G GL{r; C) acts as 

dimy„-l dimy„~l 

9{ E "j)= E {deigyg-^j (21) 

with 5 • : (C)^ x ((C)* ® C'")'*™^-"! [UvJ^ (Vm) defined for any < j < dimVm and any : 
{Cn^ X ((e)* ®C'-)'^™^--^ ^ (C^y^)^'(Kz) by 

g ■ aj{ui, ...,Uj,hi,..., /idimy„-i) 

= aj{gui, . . .,guj,ghig~'^, . . . ,5/idimy„-ifi'~^)- 

Since the J7-action on P(Wm) extends to a linear P-action, we can construct the projective variety 

Ym = GXp¥iWm) 

and we can equip Ym with the line bundles Ly^ = G Xp C'p(VF„)(l) for e G Q where the P-action on 
^^(W',„)(l) induced from the given P-action on Wm twisted by e times the puUback to P of the character 
det of P/U = GL{r; C). Equivalently Ly is the tensor product of Ly^ with the pullback via 

GxpF{Wm)^G/P^¥'' 

of Opr(e). 
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Remark 4.9. The action of P on Wm extends to a linear action of G = SL{r + 1; C) on the vector space 
2 Wm, where 

= H°{G xp P{W,n <E> (0 Ca)); G xp 0{1)) 

AgA 

for a sufficiently large finite set A of weights of P, with Ca denoting a copy of C on which P acts with weight 
A. 

ThusGxpP(VF„0 C GxpP{W,n) = G/PxP{W,n) = P''xP(>V,„), and with respect to this identification 
we have 

Hence if e > it follows that Ly^ is the restriction of the line bundle Opr(e) ® Opiyy -j(l) on P'' x P(Wm), 
and so Ly^^ is ample. 

This gives us for every sufficiently divisible positive integer m a J7-equivariant embedding 

X C P(i/"(X,L^")*) = ViVrn) C P(W„) 

in a projective variety with a linear P-action, such that every a in the finite fully separating set of invariants 
S extends to a JJ-invariant linear functional on Vm, and hence extends to a {/-invariant (in fact P- invariant) 
linear functional on Wm defined by X]j"o " '^3 o'(q^o(''j • ■ • j i))- As each a G S extends to a P-invariant 
linear functional on Wm, it extends to a G-invariant section of Ly . Thus from §4.1 we have the following 
proposition. 

Proposition 4.10. Let X be embedded in Ym = G x pV(Wm) as above, for a sufficiently divisible positive 
integer m, and let l e (C)* ® C'^"'^ C p''(''+i) ftg tfi^ standard embedding of in C^'^^ . If N is sufficiently 
large (depending on m), then the linear action of U = (C^)'' on X has a reductive envelope given by the 
closure G Xjj X of G Xjj X embedded Ym as G({i} X X), equipped with the restriction of the 

G -linearisation on OprCr+i) (A^) ® Ly . 

Note that by Remark 14.91 the line bundle Py,„ is not in general ample (although Ly^ is ample for any 
e > 0), so we do not necessarily have an ample reductive envelope here. Nonetheless by Proposition 13.131 if 
X^ and X"'*'* are defined using this reductive envelope we have 

Corollary 4.11. C X'* C C X'^ . 

If moreover the ring of invariants Ol{XY' is finitely generated and m is sufficiently divisible that 
OL-sr^iX)^ is generated by iJ"(X,i®™)^, then for TV » the restriction map 

Pm : 0i/°(GX[;X"\(Op.,.+ i,(iV)®P?.^ ^ dL«™ (X)^ 

fc>0 

is an isomorphism and X//U = Vvo]Ol[X)^ is the canonical projective completion of G Xu X™ //G (see 
Proposition l3.13l again) . Even when the ring of invariants O l {X)^ is not finitely generated, if m is sufficiently 
divisible that H^{X, p®™) contains a finite fully separating set of invariants, then for any multiple m' ~ k'm 
of m the subalgebra 

oUxf 

of Ol{X)^ generated by P°(X, P®™ Y' is finitely generated and provides a projective completion 

XJJU"- = Vro0: {Xf 
of X//U , while the restriction of p,„ to the subalgebra of 

0P"(G xy X", (Op,,.+i) {N) ® Ll-J'^'^f 

k>0 

generated by H°{G x^/X", (Op.c+i) {N) (g) L^J'^^')^ gives an isomorphism onto 6" {X)^ . 
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By analogy with the construction of X//U and X//U in §4.1, let us also consider the closures G Xjj X 
and Gy^x"' of G Xu X = G{{l} x X) in G Xp (P"-" x Y„,) and G Xp (]P x K^) respectively. Since 
y,„ = Gxp f'iW.m) we have 



GxuX =G Xp {P xu X )'^GxuX 

and ,„ , ,„ 

GxuX ^Gxp{PxuX ) 



where P Xu X and P xy X arc the closures of P Xu X ^ P({t} x X) in P'' x P(W„0 and P''" x P(W„0 
respectively. 

Definition 4.12. Let = Li^^ be the tensor product of the puUback via 



GxijX ^G xp{P Xu X )^G/P^V 
of Opr{e) with the line bundle G Xp L^^^ on G Xp {P Xu X™) where 

equivalently Le^-* = G Xp i^^^ where the action of P on L*^^' is twisted by e times the character det of 
P/U = GL{r; C). Similarly let = Z^^^ be the tensor product of the puUback via 

(/^X™ ^Gxp (P'^x") -> G/P = P'^ 

of Opr(e) with the line bundle G XpZ(^) on G x p (P'T^™), where Z^^) ^ ©^(A^) ® e'p(vi/„)(l)|p-^™ 
and as in Remark [48] ( 1 ) is a small perturbation of the puUback of 0^,-2 (1) along P*"^ — *■ P'' such that 
the 5i(r; C)-action lifts to 0-^(1) and satisfies (P''")^^ = (P'^')" and P''7/S'P(r; C) = P^ Note that the 



line bundles Le^-* on G xu X = G xp (P Xu X'") and Oprir+i) (iV) (g) Ly on 



GxuX ^Gxp{PxuX )=GxuX 



are both G-invariant and both restrict to Op^^iN) Op(^w^){^) on P xjj X with the same P-action, so 
they are isomorphic to each other. 

--{N) . f _ f{N) 



The line bundles = L\ and L,, = L\ ' on G Xu X and G Xu X are ample for e > 0, and the 

„i -- — rii 

G-actions on G xu X and G xu X lift to linear actions on Lc and L^- 
Definition 4.13. For a positive integer N sufficiently large (depending on m) let 



Xm^PxuX //n^,SL{r-C) and Xm = P^uX / / n^,SL{r-<C) 
and for e > sufficiently small (depending on m and N) let 



X//U ^GxuX //^(iv)G and = G xu X //^(iv)G. 

Remark 4.14. The line bundles P^^^ and L^^^ are ample on P Xu X™ and P Xjj X , and for e > the 
line bundles Le and Pe are ample on G X{j X and G xjj X . Thus it follows from variation of GIT 
|Res| for the SL{r; C)-actions on P Xu X and P Xjy X and the G = S'P(r + 1; C)-actions on G Xu X 

and G Xu X that A'^ and A'^ and X//U and X//U are independent of iV and e, provided that m is 
fixed and is sufficiently large, depending on m, and e is sufficiently small, depending on N and e. 
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Remark 4.15. Recall that L^^^ can be identified with the line bundle G Xp L^^^ on G Xp {P Xu X"^) 
when the action of P on L^^) is twisted by e times the character det of P/U = GL{r;C). The character 
det extends to a section of the line bundle Opr-^ (r) over the projective completion P*" of GL{r; C) on which 
P acts by multiplication by the character det, and thus to a section of the line bundle G x p C'p^2 over 
G X p [P Xu X™") when the action of P on 0^^2 is twisted by this character. Tensoring with this section 
gives us an injection 

H°(Gxc;X", (4'^')®^-)^ ^ H\GxuX"\ (Lf (22) 
where e = 1/fc, whose composition with the injection given by the restriction map 



k>0 

is the restriction map pm = p^- If the ring of invariants Ol{X)^ is finitely generated and m is sufficiently 
divisible that pm is an isomorphism, it follows that (|22p is an isomorphism and thus that 



(Gxu X"y'^'^^ C (G X[/ 

and that the inclusion of (G x™)*'*'^''^ in (G xu x"^y^'°-'^ induces a birational surjective morphism 

Xj/U^ ^ X//U = Proiid L{Xf). 



Even when Ol{X)^ is not finitely generated, if m and k are sufficiently divisible that H^{X, L^'^Y' contains 
a fully separating set of invariants and O ^^{N+rc)-^ 
then we have a birational surjective morphism 



a fully separating set of invariants and O ^^(N+r.^)^^f, {G Xu X™) is generated by H^{G Xjj X™, (Xe^^'^'-')'*'^)"-^, 



X//U ^ Proj(d^ {Xf ) = X//U 
where m' — km. The same is also true when X//U is replaced with X//U . 
As in Proposition [46] and Remark 14.81 we obtain 



Theorem 4.16. If m is a sufficiently divisible positive integer and N » then Xm and X„i are projective 
varieties with linear actions of <C* which we can twist by e times the standard character of C* , such that 
when e — N/2 we have 

'^m// N/2'C* ^ X and X„i// — 

while if e > is sufficiently small then the rational maps from Xm/fe'C* to X//U and from Xm//^<C* to 
'X/Ju"' induced by the inclusions of{di {P Xu x"^))^ m {di^{P x^/ X™))"^'^^'^'^) (6^^ (pl^^"))^ 
in {O^ {P Xij X ))'^^('''''') restrict to surjective morphisms 

{X^//,C*r ~^X//U"' and {X„J/ eC* f ^ xj/u"' 
where {Xm// eC*)^" and {Xm//e'C*Y'^ are open subsets of Xm/feC* and Xm//e'C* defined as in Definition 

n 

Thus when m is sufficiently divisible we have the following diagrams (cf. Remark 14.71) : 

iXr,J/,C*y' C Xm//e<C* < > X ^ X .r^// N/2C* 

I flips (23) 

X//U 

and _ _ _ 

iXm//eC*y' C Xm//eC* < > X = X^//n/2C* 

i flips (24) 

X//U 
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where the vertical maps are surjective and the mclusions are open. When the rmg of invariants Ol{X)^ is 
finitely generated these can be extended by Remark 14.151 to 

{x^//,c*f c {x^/u<c*Y' c x^//,<c* < > x = x^ii^i^<c 

i flips 

— m 

i XIIU (25) 

i 

X'^IU C XIIU 

(and a similar diagram involving XHU ), where (Xmll t^*Y is the inverse image of X^ lU in (<Ym//(:C*)*^. 
In general for sufficiently divisible m and fc we have 

(A-^Z/eC*)^ C (^XJU^*Y' C A-^/AC* < > X = X„JIj,/2C* 

i flips 
i Xjlu"' (26) 



XVC/ C XIIU C 
where m' = km. 



4.3 Naturality properties 

Given a linear action oi U = (C+)'' on a projective variety X , we have embedded X in a normal projective 
variety such that the linear action of J7 on X extends to a linear action of G = SL{r + 1; C) > ?7 on 
Ym and (if m is sufficiently divisible) every [/-invariant in a finite fully separating set of [/-invariants on X 
extends to a [/-invariant on Ym- We have then constructed the GIT quotients 

Xiiu"' ^Gxp {PxuX"')ll^,.,G, 
xJilT = Gxp{P^x"')ll~^iN)G 



X,n^PxuX //^(„,5L(r;C) and X,n ^ P X H ^^^,SL{r;C) 

where P Xu X™ and P Xu X are the closures oi P Xu X in the projective completions P*" x Ym and 
P''^ X Ym oi P Xu Ym = PlU X Ym- One difficulty with using this construction in practice is that it is 
not easy to tell how divisible m has to be for there to be a finite fully separating set of [/-invariants on X 
extending to [/-invariants on Ym- However the construction does have the following nice property, which 

enables us to study the families XHU and XHU by embedding X in other projective varieties Y- 

Proposition 4.17. Let Y be a projective variety with a very ample line bundle L and a linear action of 
U = (C^)*" on L, and let X be a U -invariant projective subvariety of Y with the inherited linear action of 
U - Then the inclusion of X inY induces inclusions of projective varieties 

xJllT C YiJlT and 'xfjlT C YjJjT 

for all TO > 0, as well as Xm '~= y^m Cind Xm '~= ym when Xm and Xm are defined as in Definition \4-- 13\ and 
ym and ym are defined similarly with Y replacing X . 

Proof: The construction of XHU and XHU starts by embedding X into P(T/,;f ) where Vm = 
i/"(X,L®")*, and then embedding P(T/^) into P(W^) where 

dimVl^-l 
3=0 



W 



X 
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and Uyx represents the infinitesimal action of u = Lie ([/) = C on V^^ . Here Qfj^ is the space of complex 
valued polynomial functions on 

which are homogeneous of degree 1 in the coordinates of each u e C separately, and homogeneous of total 
degree r(dimV^ — 1) — (r — l)j in the coordinates of all the hk G (C)* (8) C'' together. The surjection 
H°{Y,L®'^) 7J0(X,L®'") given by restriction gives us an inclusion of into and of (t/yx)J(t/J) 
into {Uyvy {Vjf^) for all j > 0. We then get a map 

a 1-^ a 

where {ui, . . . , Uj, hi, . . . h^[^YY_i) is given by 

det{hi) . . .det(/idimV-^-dimy^) 

times 

a{ui, . . . , Uj, /idimV^-dimy^+lj ■ ■ • j ^dimV^-l)- 

This gives us a commutative diagram of [/-equivariant embeddings 

Y - p(o - nwi) 

where the righthand vertical map sends 



dimy„f -1 


dim 




- E 


J=0 


J=0 



and is equivariant with respect to the linear P-actions on and . We thus get a commutative diagram 
of embeddings 



X ^ 






^ Gxp P{W^ 


i 


i 




i 






- nwi) - 


^ Gxp¥{W^: 



X//U is the GIT quotient G y.u X // ^{n)G where G Xu X is the closure of G({t} x X) = G Xu X in 
Gxp (P'-' X (G Xpf>{W^)), and Y//U is constructed in the same way. Since the line bundle Le^"* is ample 

- — ^-"in — — m 

for e > 0, this gives us an inclusion of X//U into Y jjU , and the other inclusions follow similarly. 

Suppose now that U = (C+)^ is a normal subgroup of an algebraic group H acting linearly on X with 
respect to the line bundle L. This linear action induces an action of H on Vm = L**™)* for each 

m > 0, and thus H acts by conjugation on GL{Vm) and its Lie algebra. H also acts by conjugation on U and 

= Lie U as f7 is a normal subgroup of H, and the Lie algebra homomorphism : Lie U Lie(GL(V^„)) 
defined at p7|) is iJ-equivariant with respect to these actions. Hence the action of H on Vm preserves the 
subspaces (t^y„)-' (Kn) of Vm, and from this action and the action of _ff on C" = Lie U we get induced actions 
of H on Wm- If h e H and p ^ gu e P = GL{r; C) x U with g e GL{r; C) and u e U, then the actions of 
H and P are related by 

h{pw) = h{guw) = {{^{h)g^{h)-^){huh-^)){hw) = <fh{p)ihw) 

for any w in Wm, where ^ : H ^ GL(r;C) is the group homomorphism defining the action of H on 
Lie ?7 = by conjugation and 

■^h{p) = {i!{h)gi!{h)-^){huh-^) e GL{r-C) x U = P. 
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Thus we get actions of a semidirect product P xi iJ on Wm- (Note that the action of [/ as a subgroup of P 
defined at (PO)) is different from the action of ?7 as a subgroup of H defined above.) In fact the subgroup 
P X U of PxiiJ is a direct product P x U, since U = (C+)'' acts trivially on itself by conjugation, so if 
p G P and h < H then V'(^) is the identity element of GL{r; C) and 'i'hip) = P- 

H also acts on P*"^ and on P'"^ via the homomorphism ip : H ^ GL{r; C), giving us an action oi P y\ H 

on P*^^ X V{Wm)- Since X is iJ-invariant it follows that the closure P Xu X of P Xu X ^ P{{i} x X) in 

P*"^ X Yjn is also _ff-invariant. Since H normalises SL{r;C) and commutes with the central C* subgroup of 
GL{r; C), we get an induced linear action of iJ x C* on 

Xm = P'^x"V/.(«) SL{r; C), 

N/2 

preserving the open subset {Xm//e'C*y'', and of H/U on 

Xj/u'" = P~x"' II ^,N)P. 

Remark 4.18. Suppose that (C+)'' — U < H and H acts linearly on X as above. Suppose also that H 
contains a one-parameter subgroup A : C* — s- -ff whose weights for the induced (conjugation) action on 
u = C are all strictly positive. Then the subgroup U oi H generated by A(C*) and J7 is a semidirect 
product 

U = U xC*. 

Moreover this C* acts on C'^'^''^"'^-' C P''(''+i) with all weights strictly positive, and we have GL{r; C) = 
i;{X{C*))SL{r;C) with V'(A(C*)) n SL{r;C) finite. RecaU from Remark [U that if P/C/ = ]P then 

:,SL(r;C) ; — s,SL(r;C) 



PIU ' "'^PIU' and PlUllSL{r;C) =¥' 

with the induced action of A(C*) on P^ a positive power of the standard action on C* on P^. Thus using 
variation of GIT (as in Remark 2.7) there are rational numbers (5_ < (5+ such that the induced action of 
A(C*) on P-'^ — PlU II SL{r\ C) twisted by 5 times the standard character of C* satisfies 

— --ss,GL(r;C).5 _ -^s,GL(r;C),5 _ J GL{r; C) = P/C/ if 5 G [5- , S+) 

^'^ ~\ if,5^[(5_,5+] • 

It follows that if the linearisation of the iJ-action is twisted by 5 times the standard character of A(C*) for 
(5 7^ (5_ , (which is possible to arrange if, for example, A(C*) centralises HlU), then (for sufhciently large 

N) all the points of X„i ^ P Xij X H j^(N)SL{r; C) which are semistable for the induced action of A(C*) are 

contained in the image oi P Xjj X = GL{r; C) x X . Hence the inverse image of {XIIU y^-^ic'^ under the 
surjection 

ix,^ii,c*r ^xJiu"' 

in Theorem l4.16l is an open subset of Xmlle'C* which is unaffected by the flips X„ill tC* < > A'„j//7v/2C* = 

X and thus can be identified canonically with an open subset X'"^'^ of X. Similarly the inverse image of 
[XllU Y'^'^'^ ) under the restriction of this surjection to {X m I I e'C*Y is an open subset X'^'^ oi X^'^'^ which, 
like X^^'^ , is independent of m when m is sufficiently divisible. Indeed it turns out that x e X^^'^ (respec- 
tively X G X'^'^) if and only if x is semistable (respectively stable) for every conjugate of A : C* [/ in ?7, 
or equivalently for every one-parameter subgroup A : C* — > C/ of C/. If the linear ?7-action on X extends to 
G then the same is true when XHU is replaced with XHU defined as in §4.1. 

In particular this means that when, in addition, HlU is reductive and is centralised by A(C*), then if 
the linearisation of the iJ-action is twisted by a suitable character of HlU the induced GIT quotients 

Xjju"' II{HIU) 
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for m sufficiently divisible are independent of m (and are isomorphic to X//U //{H/U) when the linear U- 
action on X extends to G). In fact the proof of [DKj Theorem 5.3.18 shows that in this situation, with 
the linearisation of the i7-action suitably twisted, the ring of invariants Ol{X)^ is finitely generated, with 
associated projective variety 

X//H = Vvo]{dL{X)"), 

and we have 

X//H-X/Ju"'//{H/U). 

Indeed, it turns out that in this situation, with the linearisation of the i7-action suitably twisted, we have 
essentially the same situation as for classical GIT for reductive group actions: there is a diagram 

X"^" /H C X''"^" C X 

i i (27) 

X"'" /H C X//H 

where the vertical maps are surjective and the inclusions are open, and in addition the Hilbert-Mumford cri- 
teria for stability and semistability hold as in the reductive case (Proposition 2.3 above), and two semistable 
orbits in X represent the same point of X//H if and only if their closures meet in X^^'^ . We will see an ex- 
ample of this phenomenon for hypersurfaces in P(l, 1, 2) in §5.3 below. Moreover the partial desingularisation 
(defined as in §2.2) 

Xjju"' //{H/U) 

of the GIT quotient of X//U by the action of the reductive group H/U is independent of m and provides 
a partial desingularisation X//H of X//H. 

Remark 4.19. In practice it is not difficult to find the range of characters of A(C*) with which the lineari- 
sation can be twisted in order to achieve the nice situation described in Remark 14.181 The picture described 
in Remark HIIH] is valid for aU 5 e Q \ {(5-, (5+}, and if (5 ^ [^-, <5+] then X"''^^^^ = and hence X//i,H = 0. 
If we attempt to use the Hilbert-Mumford criteria to calculate X'^'^^^ for all (5 £ Q, we will find finitely 
many rational numbers oo < ai < . . . < ag such that, when calculated according to the Hilbert-Mumford 
criteria, X**'*^'* is empty for (5 < ao and for 8 > aq, and is nonempty but constant for S G (aj_i,aj) when 
j — 1, . . . ,q. Then we must have S- < ao and (5+ > a,, and moreover X'^^'^'^ and X^'^'^'^ are as predicted by 
the Hilbert-Mumford criteria for any 6 ^ a^iaq. Thus X// sH — % \i 5 ^ [a^, aq\ and the situation described 
in Remark [4.181 holds for every 5 G (ao, a^). 



5 Hypersurfaces in p(l, 1, 2) 

Recall from §3 that the moduli problem of hypersurfaces of weighted degree d in the weighted projective 
plane P(l, 1,2) is essentially equivalent to constructing a quotient for the action of 

H={C+ f -A GL(2;C) 

on (an open subset of) the projective space Xd of weighted degree d polynomials in the three weighted 
homogeneous coordinates x,y,z on P(l,l,2). Here H is the automorphism group of P(l,l,2), where 
(a, /?, 7) e J7 = (C+)3 acts on P(l, 1, 2) via 

[x : y : z] [x : y : z + ax^ + [ixy + 7?/^] 

and g G GL{2; C) acts in the standard fashion on [x, y) G and as scalar multiplication by (det g)^^ on z. 
Thus g G GL{2; C) acts by conjugation on U as the standard action of GL(2; C) on Sym^(C^) = twisted 
by the character det. 

Remark 5.1. Notice that the central one-parameter subgroup A : C* ^ GL(2;C) of GL{2;C) satisfies 
the conditions of Remark 14.181 above: the weights of its action (by conjugation) on u = are all strictly 
positive, as they are all equal to 4. 
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We wish to study the action of H on the projective space 

X<i = P(C(d)[.T,2;,z]) 

where C((i)[a;, y, z\ is the hnear subspace of the polynomial ring <C[x, y, z\ consisting of polynomials p of the 
form 

fc > 
i+j + 2k^d 

for some a^fc £ C [Co| ICK] , Here h G H acts as p h ■ p with /i ■ p{x,y,z) — p{h~^x,h~^y, z). This 
representation GL{Cd[x, y, z]) gives us a linearisation of the action of H on Xd, which we can twist by 
any multiple e e Q of the character det of GL{2; C) to get a fractional linearisation C^. 

Remark 5.2. If m > 1 then H'^{Xd,Oxa{'m))* = C(m(j)[x, y, z] and the natural embedding of Xd in the 
projective space V{H°{Xd, Oxa (™))*) is given by p{x, y, z) ^ {p{x, y, z))". 

5.1 The action of f/ = {C+f 

First let us consider the action of the unipotent radical U — of H on Xd- Consider 

Yd^V{C^d/2] [X,Y,W,z]) 

where [d/2] denotes the least integer n > d/2, and C^d/2] Y, W, z] is the space of homogeneous polynomials 
of degree \d/2'] in X,Y,W,z. By multiplying by cc if d is odd, we can identify C(£i) [a;, y, z] with the set of 
polynomials of the form 

p{x,y,z)= ^ Qijkx'y^z''. 

i > 2\d/2] -d, j,k>0 
i + j + 2k = 2\d/2] 

Then we can embed Xd in Yd via p i—^ p where p{X, Y, W, z) equals the sum over i > 2\d/2~\ — d and j,k > 
satisfying i + j + 2k = 2\d/2'] of 

a,yfeX('~*^'J')/^"l"("*^"*'^*^)/^lVl^*'^*^+^r(™.j-A/.i)/2ly(j^ 

for rriij = min{i, j} and Mij = max{z, j}. Thus p{x'^ ,y'^, xy, z) = p{x, y, z) if d is even and p(a;^, y^, xy, z) = 
xp{x, y, z) if d is odd. For simplicity we will assume from now on that d is even; by Remark 15 . 21 this involves 
very little loss of generality. 

The action of U on Xd extends to an action on Yd such that (a, /?, 7) G (7 acts via 

p{X, Y, W, z) ^ p{X, Y,W,z + aX + f3W + -/Y). 
This extends to the standard action of G = SL{4; C) on Cd/2[Xi Y, W, z]. Thus 

Yd//U={P'^ xYd)//G and Yd/Ju = {G xp x Yd))//G 

where P^^ = P(C ® ((C^)* ® C^)) and P^ = P(C ® ((C^)* « C^)). Here the linearisation on P^^ x Yd is 
Ofi2{N) ® Oyjl) for N »0 and the linearisation on x Yd is Op9{N) Oyjl). 

The weights of the action of the standard maximal torus Tc of G = SL{A;C) on P^^ = P(C ® ((C^)* 
C"*)) with respect to Opi2(l) are (with multiplicity 1) and Xi,X2,X3jX4 (each with multiplicity 3) where 
XI1X2, XSi X4 = ~Xi ~X2 — X3 are the weights of the standard representation of 5*27(4; C) on C^. The weights 
of the action of on Yd = P(C<j/2[X, Y, W, z]) with respect to Oy^ (1) are 

{0} U {ixi + 3X2 + kxi +lxi.i,],k,i>Q&ndi+j + k + l = rf/2}. 
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A point a = [flo : an : ai2 : ai3 : an : 021 : 022 : 023 : 024 : 031 : 032 : 033 : 034] G P"'^^ is semistablc for this 
action of -S'L(4; C) if and only if oq 7^ 0. Therefore if » we have ao 7^ whenever (a, y) G (P^^ x Yd^''^ 
for any y € ¥4. Moreover if a = [1 : Uij] G P^^ and y G is represented by 

p{X,Y,W,z)= h^uX^Vm^z' G Ca/2[X,Y,W,z\ 

i,j,k,e>0 
i + j + k + e = d/2 

then by the Hilbert-Mumford criteria (a, y) G (P^^ x Yd)**''^ if and only if {ga, gy) G (P^^ x Fd)***'-^" for every 
g &G, and [a, y) G (P^^ x 1^)***''^'= if and only if lies in the convex hull of the set of weights 

{iXi + 3X2 + fcx3 + ^X4 : ^ 0} U 5i U ^2 U ^3 U ^4 

where 

S ^[ {-^Xi + + + fcXs + ^X4 : 6ijfe« 7^ 0} if (an, 021, asi) 7^ 
^ 1 if (an, 021,0131) = 

and 82,83, 84 are defined similarly. Let us write 

(Pi2 X YdY''^ = (Pi2 X yd)o''° U (Pi2 X Frf)f u (Pi2 X Frf)^«'G u (Pi2 X Frf)**'^ (28) 
where (P^^ x Y^Yg''^ = {{a,y) G (P^^ x YaY''^ : rank((aij)) = q}. Then 

(Pi2 xrd)^^'^ = {[l:0:...:0]}xr,^^'° 

and 

(pi2xyd)r'« = Gx^, ({[1 : .1]} X r.^^'i) 

where 

/ 1 \ 
i-i = , 
\ / 

Ui is its stabiliser {{gij G G : 511 = 1 and 521 = .931 — 941 = 0} in G = <S'L(4; C) and 

r;^'' ={y€Ya:uyG Yp^^ for all « G C/i}. 

Similarly 

(pi2xy,)-.G^C^^^^|jl^^^]|^y^..,2^ 

where 

/ 1 \ 
L2 = \ 1 , 
\ / 

U2 is its stabiliser {(giy G G : .gn = .922 = 1 and 912 = 521 = .931 = .932 = .941 = 542 = 0} in G and 

Yp^ = {yGYa:uy€ Y^^^ for all u G U2} 
for T2 = {{gij) G Tc : 5n = 522}, while 

{F''xYd)l^''' = Gxu{{[l:i]}xYp') 

where ^ 

YP"^ = {y&Yd:uye F^'^" for all u G U} 

for = {(gij) G Tc : 5n = 522 = 533}- 
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5.2 The action oi U = xi C* 



Now let us consider the action of the subgroup U ^ C* kU oi H on Xd, where C* is the centre of GL{2; C) and 
acts by conjugation on Lie (U) = C"^ with weights aU equal to 4. The action of t G C* onp{x, y, z) G Cd[x, y, z] 
is given by 

tp{x, y, z) = pitx, ty, r'^z). 
This action extends to the action on <Cd/2[X, Y, W, z] given by 

tP{X, Y, W, z) = P{t^X, fY, t^W, t-^z) 

and thus the action of U on Xd extends to a linear action on Yd, which is the restriction of the GL{4; C)-action 
on Yd via the embedding of U in 0^(4; C) such that 



/ \ 

^2 

i2 

\ t-^ J 



for t G C*. 



(29) 



If we twist this action by 26 times the standard character of C* then we get a fractional linearisation of the 
action of U on Yd which extends the fractional linearisation Cs on Xd- We also get an action oi C* = U/U 

on = G/U via 

t[aQ : aij] = [ao : t*aij]. 
Note that, since (^1,^2,^3,^4) = (i^^i, ^^''2, i^Ta, i^^(TiT2T3)^^) if and only if 

= ^1^2*3*4 and Ti = t^'^ti, T2 = t^^t2, T3 — t^^ts, 

C*Tc = (C* xTc)/(Z/4Z) is the maximal torus ofG'i(4;C), acting on P^^ with weights 0, 2xi +X2 + X3 +X4, 
Xi + 2X2 + X3 + X4, Xi + X2 + 2x3 + X4 and Xi + X2 + X3 + 2x4, and acting on Yd with fractional weights 

{«Xi + jX2 + fcX3 +^X4 + |(xi +X2 +X3 - X4) : i,j,k,e> 
and i+j + k + i^^} 

where xi, X2, Xs, X4 are now the weights of the standard representation of GL{4; C) on C^. Let us break up 

(Pl2 X y^)^^,Gi(4;C),,5 (ggj) as 

(Pl2 X y,)-^GL(4;C),5 ^ ^pl2 ^ y^y^s,GLiW 
U (Pl2 X y^)-.GL(4;C),5 ^ ^pi2 ^ Yd) 

equals 

{(a,y) e (Pi2 X y,)-^GL(4;C),5 . rank((a,,)) = q}. 
We find by considering the central C* in G'i(4;C) that 

(Pl2 X y^)-^GL(4;C).5 ^ (pl2 ^ y^)..,GL(4;C),5 ^ ^pl2 ^ y^)..,GL(4;C).5 ^ 

unless (5 = —d/2, while 

(pl2 ^ y^)..,GL(4;C),5 ^ (pl2 ^ ^^^.s,GL(4;C),5 ^ Gi(4;C) F^^'^'^ 

where 

y^..,c/,5 = {y^Yd:uye j^^, ^ ^ 

Similarly if J 7^ — (i/2 then 

(G Xp (r X r^))-,GL(4;C),5 ^ X y^^^..,GL(4;C),5 



ss,GL(4;C),5 
3 



(30) 



where (P^^ x y^)-'GL(4;C).5 
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^ Gi(4;C) x^r;"'^'^ 



and if m is sufficiently divisible 



{Gxp{PxuY, ))-^GL(4;C).5 ^ GL(4;C) 
while ^ 

(pl2 ^ y^)s,GL(4;C).5 (G Xp (P9 X y^))-,Gi(4;C)> 

- (G xp (P''^r))^-G^(4;c).5 ^ GL(4;C) x^^ f;^^'" 

where 

^^d'""'' = {yeYd:uye y;-^'^' for aU u £ C/}. 
Thus if (5 ^ for sufficiently divisible m we have 

and 

and so by Proposition 4.14 for sufficiently divisible m we have 

and 
where 



and 



^ss^u,5 = {y^Xd:uye X^'^^''^ for aU u e U} 



Xl'^'^ = {yeXd:uye X'^'^' for all u G [/} 



and X y if and only if ?7a; n fl x^J^'^'^ ^ 0. Using this, the proof of |DKj Theorem 5.3.18 shows that 
in fact, for the linearisation Cs when 5 ^ — d/2, the ring of invariants O £^^{Xd)^ is finitely generated, and 

Xd//sU - Vro]{dj^^{Xdf) - irf/Zf/^/AC* 
for sufficiently divisible m. Thus for all 5 ^ —d/2 

Xd//sU = xr^^''/^^ 



is a projective completion of X^^'^'^ /U (cf. Remark l4.18p 



5.3 The action of H 

Let Tc{GL{2; C)) be the standard maximal torus of GL{2; C) = H/U. It now follows immediately that when 
6 -d/2, the ring of invariants d^^{Xd)" = {O ^^{Xa)^)^^'-^''^^ is finitely generated, and 

Xd//sH = ProiiOjr^ (X,)^) = X'/^"-' / (31) 

is a projective completion of X^'^'^ / H , where 

XT'"^' ^{y^Xd-.uye for all u E U} 
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and 

.s,Ta{GL(2;C)),S 



{yeXd-.hye xj'^^^^"^"'^^^-" for all h e H} 



and X y if and only if Hx n ify n x^'^'^'^ ^ 
The weights of the action on Xd of 



T,{GL{2;C)) = { ( ) :h,he 



_ t2 

with respect to the linearisation Cs are given by 

{ti ,t2)^ for integers i, j, fc > such that i + j + 2k ^ d. 

Thus p{x,y, z) = J2i+j+2k=d^vkx'''y^ z'^ G C(rf)[x,?/,z] represents a point of X^*'^"^'^"^^^''''''''^' (respectively a 

point of Xj^" ^ ' ) if and only if lies in the convex hull (respectively lies in the interior of the convex 
hull) in M'^ of the subset 

{{i — k + S,j ~ k + 6) : i,j,k >0, i + j + 2k — d and Oyfe 7^ 0} 

of the set of weights 

{{i - k + S,j - k + S) : i, j, fc > 0, i + j + 2k = d} 

whose convex hull is the triangle in with vertices (d + S, 6), {6, d + 6) and {6 — d/2, 6 — d/2). Notice that 
the bad case S = —d/2 occurs precisely when the origin lies on the edge of this triangle joining the vertices 
{d + S, S) and {S, d + S), and that we have X'/'"'^ = if (5 ^ {-d/2, d/2) (cf. Remark gTg]). 

Combining this with (pij) gives an explicit description of X^// sH and X^'^'^ /H whenever 6 ^ —d/2. 

Remark 5.3. For small d this description can be expressed in terms of singularities of hypersurfaces (cf. the 
description in [MFKj Chapter 4 §2 of stability and semistability for hypersurfaces in the ordinary projective 
plane P^). 



5.4 Symplectic descriptions 

Classical GIT quotients in complex algebraic geometry are closely related to the process of reduction in 
symplectic geometry. Suppose that a compact, connected Lie group K with Lie algebra k acts smoothly on 
a symplectic manifold X and preserves the symplectic form w. A moment map for the action of iiT on X is a 
smooth map /i : X — > k* which is equivariant with respect to the given action of K on X and the coadjoint 
action of if on k*, and satisfies 

dn{x){^).a = ujx{^,ax) 

for all X G X, ^ G T^X and a G k, where x 1-^ a^; is the vector field on X defined by the infinitesimal action 
of a G k. The quotient ^^^{0)/K then inherits a symplectic structure and is the symplectic reduction at 0, 
or symplectic quotient, of X by the action of K. 

Now let X be a nonsingular complex projective variety embedded in complex projective space P", and let 
G be a complex reductive group acting on X via a complex linear representation p : G —>^ GL{n + 1; C). If K 
is a maximal compact subgroup of G, we can choose coordinates on P" so that the action of K preserves the 
Fubini-Study form uj on P", which restricts to a symplectic form on X. There is a moment map ^ : X — > k* 
defined by 

K^).a = 1^ (32) 
2Tn\\x\\'' 

for all a G k, where p,{x).a denotes the natural pairing between /i(x) G k* and a G k, while x G C"+^ — {0} 
is a representative vector for x G P" and the representation p : K ^ U{n + 1) induces : k — > u(n + 1) and 
dually p* ; u(n + 1)* k*. Note that we can think of as a map /i : X ^ g* defined by 
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for a e g = k Cg)R C; then /i satisfies /i(a;).a = for all a G ik. 

In this situation the GIT quotient X//G can be canonically identified with the symplectic quotient 
^~^{Q)/K. More precisely [Ki], any x ^ X is semistable if and only if the closure of its G-orbit meets 
/j,~^(0), while X is stable if and only if its G-orbit meets 

M^^(0)rcg — {x ^ M^^(O) I d^i{x) : Tj.X —t k* is surjective}, 

and the inclusions of /i^^(O) into X^'^ and of /i^^(0)rog into X* induce homeomorphisms 

/i-i(0)/X ^ X//G and /i"^(0)rcg X' /G. 

Thus the moment map picks out a unique if-orbit in each stable G-orbit, and also in each equivalence class 
of strictly semistable G-orbits, where x and y in X'"^ are equivalent if the closures of their G-orbits meet in 
X"^] that is, if their images under the natural surjection q : X'^^ — > X//G agree. 

Remark 5.4. It follows from the formula ((32| that if we change the linearisation of the G-action of X by 
multiplying by a character x : G ^ C* of G, then the moment map is modified by the addition of a central 
constant Cy- in k*, which we can identify with the restriction to k of the derivative of %. 

When a non-reductive affine algebraic group H with unipotent radical U acts linearly on a projective 

variety X there are 'moment-map-like' descriptions of suitable projectivised quotients X//U = G Xjj X //G 

and the resulting quotients {X//U)//{H/U), which are analogous to the description of a reductive GIT quo- 
tient Y//G as a symplectic quotient ^^^{0)/K, and can be obtained from the symplectic quotient description 

of the reductive GIT quotient G x^ X//G (see |Ki5[ IKi6| for more details). This is very closely related to 
the 'symplectic implosion' construction of Guillemin, Jeffrey and Sjamaar [GJS] . 

The case of the automorphism group H of P(l,l,2) acting on Xd = P(C(rf) [x, y, z]) as above with 
respect to the linearisation for any e ^ —d/2 is particularly simple. We have seen that then Xd// cH = 

{Xd//eU)//SL{2;C) where Xd//eU is the image of X'/'"^" in Yd//eU = (P^^ x Yd)//eGL(4;C). There is a 
moment map 

flu (4) ■■ P'' X Frf -> Lie U{A)* 

for the action of the maximal compact subgroup U{4) of Gi(4; C) on P^^ x Yd associated to the linearisation 
Opi2{N) X Oy^il) for N » 0, given by 

Ai;7(4)(a,y) = A^Aia(4)(«) + ^hf(i)(y) (33) 

for (a,y) G P^^ x Yd. Here ^^^^^ : P^^ ^ Lie t/(4)* and /i^'^^^j : Yd Lie t/(4)* are the moment maps 
given by formula ^ for the actions of C/(4) on P^^ and on Yd = F{Cd/2[X,Y,W, z]). We can identify 
Yd//,U = {Pi2 X Yd)//,GL{4;C) with /i^^4^(-e)/t/(4) = (^-^(^^(0) n Ai-i(-e))/5i5C/(4), where is the 
maximal compact subgroup of the subgroup C* of GL(4; C) given at (l29l) . We can use the standard invariant 
inner product on the Lie algebra of U{A) to identify Lie [/(4) with Lie U{A)* and with Lie([/(3) x U{1)) © 
(Lie(t/(3) X U{1)))^, and thus with 

LieS^ © Lie 5(f/(3)x [/(!)) © {Ue{U{3)xU{l)))^ 

where (Lie([/(3)xJ7(l)))^ is the orthogonal complement to Lie([/(3)xJ7(l)) in Lie[/(4), and S{U{3)xU{l)) = 
({7(3)xC/(l))n5t/(4) so that f/(3)x[/(l) = S'^ S {U {3)xU {!)) . With respect to this decomposition we can write 
Hu{4) = © Ms(!7(3)x(7(i)) ©Mi where ^± is the orthogonal projection of Hu(4) onto (Lie (C/(3) x [/(l)))-*-. 
We find that if e ^ —d/2 and is sufficiently large then 

Yd//M = ti^l,^{-e)/U{A) - (A*5,i(-e) nMl'(0))/5i, 

and restricting to Xd we get an identification 

Xd//M = f^rr'(-')/S' 
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where fi^ : Xd ^ Lie{U)* = {LieS^ (Xir C)* ® (Lie([/(3) x [/(l)))^ is a 'moment map' for the action of tj on 
Xd (which takes into account the Kahler structure on X^, not just its symplectic structure), defined by 

for a e Ue{U). Moreover if e ^ -d/2 then Xd//eH = {Xd// Jj)// SL{2; C) can be identified with 

M^'(-e)nMs^(2)(0) _ (-£) 
51 SU{2) U{2) 

where the 'moment map' hh '■ Xd Lie(-ff)* is defined by 

for a S Lie(-ff), and U{2) is a maximal compact subgroup of H. 

References 

[AD] A. Asok and B. Doran, On unipotent quotients and some pA^ -contractible smooth schemes, Int. Math. 
Research Papers 5 (2007), article ID rpm005. 

[AD2] A. Asok and B. Doran, Vector bundles on contractible smooth schemes, Duke Mathematical Journal 
143 (2008), 513 530. 

[AB] M.F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil. Trans. Roy. Soc. 
London 308 (1982), 523 615. 

[BBDG] A. Beilinson, J. Bernstein and P. Deligne, Faisceaux pervers, Analysis and topology on singular 
spaces I (Luminy, 1981), Astrisque 100, Soc. Math. Prance, Paris, 1982, 5-171. 

[BP] M. Brion and C. Procesi, Action d'un tore dans une variete projective. Progress in Mathematics 192 
(1990), 509-539. 

[Co] D Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4 (1995), 17-50. 

[CK] D Cox and S Katz, Mirror symmetry and algebraic geometry. Mathematical Surveys and Monographs 
68, American Mathematical Society, Providence, RI, 1999. 

[Do] I. Dolgachcv, Lectures on invariant theory, London Mathematical Society Lecture Note Series 296, 

Cambridge University Press, 2003. 

[DH] I. Dolgachev and Y. Hu, Variation of Geometric Invariant Theory quotients, Publ. Math. I.H.E.S. 87 
(1998) (with an appendix by N. Ressayre). 

[DK] B. Doran and F. Kirwan, Towards non-reductive geometric invariant theory. Pure Appl. Math. Quar- 
terly 3 (2007), 61-105. 

[DK2] B. Doran and F. Kirwan, Effective non-reductive geometric invariant theory, in preparation. 

[Fa] A. Fauntleroy, Categorical quotients of certain algebraic group actions, Illinois Journal Math. 27 (1983), 
115-124. 

[Fa2] A. Famitlcroy, Geometric invariant theory for general algebraic groups, Compositio Mathematica 55 
(1985), 63-87. 

[Fa3] A. Fauntleroy, On the moduli of curves on rational ruled surfaces, Amer. J. Math. 109 (1987), 417-452. 



34 



[Gi] D. Gicsckcr, Geometric invariant theory and applications to moduli problems, Invariant theory (Mon- 
tccatini, 1982) Lecture Notes in Math. 996, Springer (1983), 45-73. 

[GM] M. Goresky and R. MacPhcrson, On the topology of algebraic torus actions, Algebraic groups, Utrecht 
1986, 73-90, Lecture Notes in Mathematics, 1271. 

[GP] G.-M. Greuel and G. Pfister, Geometric quotients of unipotent group actions, Proc. London Math. Soc. 
(3) 67 (1993) 75-105. 

[GP2] G.-M. Greuel and G. Pfister, Geometric quotients of unipotent group actions II, Singularities (Ober- 
wolfach 1996), 27-36, Progress in Math. 162, Birkhauser, Basel 1998. 

[Gr] F. Grosshans, Algebraic homogeneous spaces and invariant theory. Lecture Notes in Math. 1673, 
Springer- Verlag, Berlin, 1997. 

[Gr2] F. Grosshans, The invariants of unipotent radicals of parabolic subgroups. Invent. Math. 73 (1983), 
1-9. 

[GJS] V. Guillemin, L. Jeffrey and R. Sjamaar, Symplectic implosion. Transformation Groups 7 (2002), 
155-184. 

[JK] L. Jeffrey and F. Kirwan, Localization for nonabelian group actions, Topology 34 (1995), 291-327. 

[JKKW] L. Jeffrey, Y.-H. Kiem, F. Kirwan, and J. Woolf, Cohomology pairings on singular quotients in 
geometric invariant theory. Transform. Groups 8 (2003), 217-259. 

[Ka] I. Kausz, A modular compactification of the general linear group. Doc. Math. 5 (2000), 553-594. 

[KM] S. Keel and S. Mori, Quotients by groupoids. Annals of Math. (2) 145 (1997), 193-213. 

[Ki] F. Kirwan, Cohomology of quotients in symplectic and algebraic geometry. Mathematical Notes 31 
Princeton University Press, Princeton, NJ, 1984. 

[Ki2] F. Kirwan, Partial desingularisations of quotients of nonsingular varieties and their Betti numbers. 
Annals of Math. (2) 122 (1985), 41-85. 

[Ki3] F. Kirwan, Rational intersection cohomology of quotient varieties. Invent. Math. 86 (1986), 471-505. 

[Ki4] F. Kirwan, Rational intersection cohomology of quotient varieties II, Invent. Math. 90 (1987), 153-167. 

[Ki5] F. Kirwan, Symplectic implosion and non-reductive quotients, to appear in the proceedings of the 65th 
birthday conference for Hans Duistermaat, 'Geometric Aspects of Analysis and Mechanics', Utrecht 
2007. 

[Ki6] F. Kirwan, Generalised symplectic implosion, in preparation. 

[Muk] S. Mukai, An introduction to invariants and moduli, Cambridge University Press 2003. 

[Muk2] S. Mukai, Geometric realization of T-shaped root systems and counterexamples to Hilbert's fourteenth 
problem. Algebraic transformation groups and algebraic varieties, 123-129, Encyclopaedia Math. Sci. 
132, Springer, Berlin, 2004. 

[MFK] D. Mumford, J. Fogarty and F. Kirwan, Geometric invariant theory, 3rd edition. Springer, 1994. 

[Na] M. Nagata, On the U-th problem of HilbeH, Amer. J. Math. 81, 1959, 766-772. 

[Ne] P.E. Newstead, Introduction to moduli problems and orbit spaces, Tata Institute Lecture Notes, Springer, 
1978. 

[Ne2] P.E. Newstead, Geometric invariant theory, these proceedings. 

[Po] V. Popov, On Hilbert's theorem on invariants, Dokl. Akad. Nauk SSSR 249 (1979), 551-555. Enghsh 
translation: Soviet Math. Dokl. 20 (1979), 1318-1322 (1980). 



35 



[PV] V. Popov and E. Vinberg, Invariant theory, Algebraic geometry IV, Encyclopaedia of Mathematical 

Sciences v. 55, 1994. 

[Rei] Z. Reichstein, Stability and equivariant maps, Invent. Math. 96 (1989), 349-383. 

[Res] N. Ressayre, The GIT- equivalence for G-line bundles, Geom. Dedicata 81 (2000), 295-324. 

[Th] M. Thaddeus, Geometric invariant theory and flips, Journal of Amer. Math. Soc. 9 (1996), 691-723. 

[Wi] J. Winkelmann, Invariant rings and quasiaffine quotients. Math. Z. 244 (2003), 163-174. 



36 



